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STRONG LIMIT MULTIPLICITY FOR ARITHMETIC HYPERBOLIC
SURFACES AND 3-MANIFOLDS
MIKOLAJ FRACZYK
Abstract. We show that every sequence of torsion free arithmetic congruence lattices in PGL(2,R)
or PGL(2,C) satisfies a strong quantitative version of the Limit Multiplicity property. We deduce
that for a fixed R > 0 the volume of the R-thin part of any congruence arithmetic hyperbolic
surface or congruence arithmetic hyperbolic 3-manifold M is of order at most Vol(M)0.986. As
an application we prove Gelander’s conjecture on homotopy type of arithmetic hyperbolic 3-
manifolds. We show that there are constants A,B such that every such manifold M is homotopy
equivalent to a simplicial complex with at most AVol(M) vertices, all of degrees bounded by B.
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1. Introduction
1.1. Limit multiplicity property. Let G be a semisimple Lie group and let Γ be a cocompact
lattice in G. We fix a Haar measure on G. The group G acts on L2(Γ\G) by right translations
which makes it a unitary representation of G. If Γ is cocompact, the space L2(Γ\G) decomposes as
a direct sum of its irreducible subrepresentations, possibly with multiplicities. A natural question
one can pose is how the distribution of the irreducible components of L2(Γ\G) changes as we vary
the lattice Γ. First major results in this direction were obtained by DeGeorge and Wallach in [20].
They showed that if (Γi)i∈N is a tower of cocompact lattices in G, i.e a sequence satisfying the
following three conditions: Γi+1 ⊂ Γi, Γi C Γ1,
⋂∞
i=1 Γi = {1}, then the asymptotic multiplicities
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2 MIKOLAJ FRACZYK
of the discrete series representations are proportional to the volume Vol(Γ\G). More precisely, for
every irreducible unitary representation pi of G they prove that
lim
i→∞
mΓ(pi)
Vol(Γ\G) =
{
dpi if pi is in the discrete series,
0 otherwise,
where mΓ(pi) = dimC HomG(pi, L2(Γ\G)) is the multiplicity of pi in L2(Γ\G). In the same paper
DeGeorge and Wallach conjectured a stronger result called the limit multiplicity property (see [23]).
It states that under the same conditions, the distribution of irreducible components of L2(Γ\G)
counted with multiplicity divided by the covolume of Γ tends to the Plancherel measure. Let us
recall the definition of the Plancherel measure.
Let Π(G) denote the set of the irreducible unitary representations up to equivalence. For pi ∈ Π
we write Hpi for the underlying Hilbert space. For a function f ∈ L1(G) we can consider its Fourier
transform, given by
fˆ(pi) := pi(f) :=
∫
G
f(g)pi(g)dg.
It is a bounded linear operator on Hpi [30, Chapters 7.4,7.5]. If f ∈ C∞c (G) the operator fˆ(pi) is
a Hilbert-Schmidt operator [50, Proof of Theorem 8.2]. Thus we can treat fˆ(pi) as an element of
Hpi ⊗H∗pi. The Plancherel measure is the unique measure µpl on Π(G) for which
‖f‖2L2 =
∫
Π(G)
‖fˆ(pi)‖2Hpi⊗H∗pidµpl for all f ∈ C∞c (G).
Equivalently it is the unique measure for which
〈f, g〉 =
∫
Π(G)
〈fˆ(pi), gˆ(pi)〉Hpi⊗H∗pidµpl =
∫
Π(G)
tr(pi(f)pi(g)∗)dµpl.
By approximating the Dirac delta at the identity by functions from C∞c (G) we can deduce yet
another identity
f(1) =
∫
Π(G)
tr(pi(f))dµpl for all f ∈ C∞c (G).
The last equality can be also used as the definition of the Plancherel measure. The tempered
spectrum Πtemp(G) is defined as the support of the Plancherel measure.
Let us return to the limit multiplicity property. For any lattice Γ (not necessarily cocompact)
we define the measure µΓ on Π(G) by
µΓ =
1
Vol(Γ\G)
∑
pi∈Π(G)
mΓ(pi)δpi.
We say that a sequence of lattices (Γi)i∈N has the limit multiplicity property if for every bounded
function φ ∈ C(Πtemp(G)) 1
lim
i→∞
∫
Π(G)
φ(pi)dµΓi =
∫
Π(G)
φ(pi)dµpl
and for every bounded set B in Π(G)\Πtemp(G) the measures µΓi(B) tend to 0. Sauvageot showed
in [60] that it is enough to test the convergence for functions of the form pi 7→ tr(pi(f)) where f is
a smooth, compactly supported function on G (see also [64]).
Theorem 1.1 (Sauvageot Density Principle). A sequence of lattices (Γi) has the limit multiplicity
property if and only if, for every f ∈ C∞c (G) we have
lim
i→∞
∫
Π(G)
trpi(f)dµΓi = f(1).
1We mean functions continuous with respect to the Fell topology on Π(G) [24, 18.1]
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We remark that this theorem holds for uniform as well as for non-uniform lattices. Write RΓf
for the operator
RΓf(Φ)(x) :=
∫
G
f(g)Φ(xg)dg for Φ ∈ L2(Γ\G). (1.1)
The Sauvageot density principle is especially convenient in the uniform case, because then L2(Γ\G)
decomposes discretely and we have∫
Π(G)
trpi(f)dµΓ =
1
Vol(Γ\G)
∑
pi∈Π(G)
mΓ(pi)trpi(f) =
trRΓf
Vol(Γ\G) .
In 1979 DeGeorge and Wallach [21] proved the limit multiplicity property for towers of cocom-
pact lattices in semisimple Lie groups of real rank 1 and in 1986 Delorme [23] settled the question
for cocompact towers in arbitrary semsimple Lie groups. For sequences of non-uniform lattices
Sarnak [59] showed that any sequence of principal congruence subgroups Γ(Ni) ∈ SL(2,Z) with
Ni → ∞ has the limit multiplicity property. Analogues in the non uniform case of the results of
DeGeorge and Wallach about the multiplicites of irreducible unitary representations were obtained
by DeGeorge [22], Barbasch-Moscovici [7] for groups of real rank one, and by Clozel [19] for general
groups. The strongest results for asymptotic multiplicities in towers of arithmetic lattices were
obtained by Rohlfs-Spehr [58] and Savin [61]. These results were followed by works of Finis, Lapid
and Mueller [29] who proved the limit multiplicity for principal congruence subgroups of SL(n,Ok)
where Ok is the ring of integers in a number field k. By the Borel-Harish-Chandra Theorem those
are lattices in the semisimple Lie group SL(n, k ⊗Q R). This result was later extended in [28] to
arbitrary sequences (Γi)i∈N of congruence subgroups of SL(n,Ok).
In the uniform case, a substantial breakthrough was obtained in [1]. Using invariant random
subgroups and the notion of Benjamini-Schramm convergence it was shown that if G has real
rank at least 2 and Kazhdan’s property (T), then every sequence of cocompact lattices (Γi)i∈N
which are pairwise non conjugate and whose injectivity radius is uniformly bounded away from 0
has the limit multiplicity property. It was the first result dealing with sequences of not necessarily
commensurable lattices. In 2013 Jean Raimbault [55, Corollary 1.3.5] obtained very general results
on sequences of maximal lattices in SL(2,C) which are all defined over quadratic or cubic number
fields. Recently Jasmin Matz [46] proved that the Limit Multiplicity property holds for groups
G = SL(2,R)r1 × SL(2,C)r2 and sequences of arithmetic lattices of form SL(2,OF ) where F is a
number field with r1 real and r2 complex places.
1.2. Benjamini-Schramm convergence. Let G be a semisimple Lie group and Γ ⊂ G a co-
compact lattice. Let K be a maximal compact subgroup of G. Let X = G/K be the symmetric
space of G endowed with the G-invariant Riemannian metric defined by the Killing form of G
(see [33]). Let dG be associated left invariant Riemannian metric on G and write BG(Σ, R) for the
open R-ball around the set Σ ⊂ G. We can define the R-thin part of the orbifold Γ\X as
(Γ\X)<R :=
{
ΓgK | BG(K,R) ∩ g−1Γg 6= {1}
}
(1.2)
Let x ∈ Γ\X and let x˜ ∈ X be a lift of x. Recall We that the injectivity radius injradx
is defined as the supremum of real numbers R such that the projection map B(x˜, R) → B(x,R)
is injective. Given a sequence of lattices (Γi)∈N we consider the sequence of locally symmetric
spaces (Γi\X)i∈N. We say that the sequence (Γi\X)i∈N converges Benjamini-Schramm (or B-S
converges) to G/K if for every R > 0 we have
lim
i→∞
Vol((Γi\X)<R)
Vol(Γi\X) = 0 (1.3)
For brevity we shall say that (Γi)i∈N has property B-S if the sequence (Γi\X)i∈N converges
Benjamini-Schramm to X. The notion of Benjamini-Schramm convergence originates from the
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paper [8] where they defined it for the sequences of graphs of bounded degree. For locally symmet-
ric spaces it was defined and studied in [1]. It is a special case of Benjamini-Schramm convergence
for metric spaces with probability measures (see [1, Chapter 3]).
It is well-known that the Limit Multiplicity Property implies the Benjamini-Schramm conver-
gence for sequences of cocompact lattices (see Section 11).
One of the main results of [1] is the following:
Theorem 1.2 ( [1, Theorem 1.5]). Let G be a real semisimple Lie group of real rank at least 2
and with Kazhdan’s property (T). Then every sequence of pairwise non-conjugate lattices (Γi)i∈N
in G has property B-S.
For a sequence of congruence subgroups of a fixed uniform arithmetic lattice they showed a
stronger quantitative version of B-S convergence:
Theorem 1.3 ( [1, Theorem 1.12]). Let Γ0 a uniform arithmetic lattice in G. Then there exist
positive constants c, µ depending only on Γ0 such that for any congruence subgroup Γ ⊂ Γ0 and
any R > 0 we have
Vol((Γ\X)<R) ≤ ecRVol(Γ\X)1−µ
The result concerning the limit multiplicity property that we referred to in the last section is a
consequence of Theorem 1.2 and the following:
Theorem 1.4 ( [1, Theorem 1.2]). Let (Γi)i∈N be a sequence of lattices with property B-S, such
that the injectivity radius inj rad(Γi\X) is uniformly bounded away from 0 2. Then (Γi)i∈N has
the limit multiplicity property.
The Margulis injectivity radius conjecture [44] predicts that for a fixed semisimple Lie group G
the injectivity radius of Γ\G/K is bounded away from 0 uniformly for all arithmetic lattices. This
would be implied by the Lehmer conjecture and would itself imply the Salem number conjecture.
So far no decisive progress has been made towards the proof of the Margulis conjecture. Finally we
should mention the results of Jean Raimbault [55] for arithmetic lattices in SL(2,C) and associated
arithmetic 3-orbifolds, we shall describe them in greater detail in the next paragraph devoted to
sequences of arithmetic lattices.
1.3. Sequences of arithmetic lattices. In this section we shall discuss what are the reasonable
conditions that we should put on a sequence of arithmetic lattices (Γi)i∈N to expect that it has
the limit multiplicity property or the B-S property. The first obvious condition is
(1) limi→∞Vol(Γi\G) =∞,
By Theorem 1.2 this is sufficient for property B–S in higher rank groups with property (T). If G is
a rank 1 Lie group, then this is not enough. For example if Γ is a torsion free, uniform arithmetic
lattice in SL(2,R) and M0 := Γ\H is the corresponding compact hyperbolic surface, we can take
(Mi)i∈N a sequence of cyclic covers of M0. Clearly (Mi)i∈N does not converge Benjamini-Schramm
to H because the radius of injectivity is uniformly bounded by 5diamM03 and consequently the
sequence of fundamental groups Γi = pi1(Mi) cannot have property B-S. There is a similar counter-
example constructed by Sarnak and Phillips [51] for the limit multiplicity property. In both of
these constructions the sequences contained not congruence lattices. Hence, it is justified to add
the second condition
2The actual condition is: the lengths of closed geodesics are uniformly bounded from below and the order of
torsion elements of Γi is uniformly bounded from above.
3Let a, b ∈ pi1(M0) be such that c = aba−1b−1 6= 0 and let γ be a geodesic on M0 corresponding to c. Since the
covering Mi → M0 is abelian for all i the geodesic γ lifts to a closed geodesic on Mi. Every point x in Mi is at
distance at most diamM0 to a lift of γ so injrad (x) ≤ diamM0 + l(γ) where l(γ) is the length of γ. We can pick
a, b such that the loops representing them are of lengths smaller than diamM0. If follows that l(γ) ≤ 4diamM0 so
injrad (x) ≤ 5diamM0.
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(2) Γi is a congruence lattice for all i ∈ N.
With these conditions we expect that at least the weak version of the following conjecture holds:
Conjecture 1.5. • (Weak version) Let G be a semisimple Lie group with trivial center and
(Γi)i∈N a sequence of arithmetic lattices in G satisfying conditions (1) and (2). Then
(Γi)i∈N has the limit multiplicity property and the B-S property.
• (Strong version) Let X = G/K be the Riemannian symmetric space of a center-free
semisimple group G. There exists a δ > 0 such that for any R > 0 and any congruence
arithmetic lattice Γ in G and any f ∈ C(G) with suppf ⊂ B(1, R) we have
Vol((Γ\X)<R)R Vol(Γ\X)1−δ, (1.4)∣∣∣∣f(1)− trRΓfVol(Γ\G)
∣∣∣∣R ‖f‖∞Vol(Γ\G)−δ. (1.5)
Cases of this conjecture for maximal lattices and for lattices defined over fields of bounded
degree were present in [55, Section 1.1.2] and that a similar statement holds was conjectured
in [1, Conjecture 6.1]. For G = SL(2,C) and lattices defined over a cubic or quadratic field the part
of conjecture about Benjamini-Schramm convergence holds by [55, Theorem A]. Jean Raimbault
has shown, among other things, that there exists δ > 0 with the following property. For any
maximal lattice Γ in SL(2,C) defined over a cubic or quadratic number field let M = Γ\SL(2,C)/K
then
Vol((M)<R)R Vol(M)1−δ.
This implies (see Lemma 1.7) that any sequence of arithmetic lattices (Γi)i∈N defined over a cubic
field has property B-S if the volume Vol(Γi\G) tends to infinity. In particular, he solved completely
the case of sequences of non uniform lattices as all arithmetic non-uniform lattices in SL(2,C) are
defined over a quadratic imaginary number field. For multiple factors of SL(2,R) and SL(2,C)
Jasmin Matz [46] proved a reasonable analogue4 of Strong Limit Multiplicity property for certain
sequences of non-uniform arithmetic congruence lattices. Raimbault has also addressed Conjecture
1.5 for sequences of lattices defined over fields of bounded degree. He obtained the following
Theorem 1.6. [55, Theorem B] Let (Γi)i∈N be a sequence of lattices in SL(2,C) with fields of
definition Fi such that:
• Fi is a quadratic extension of a totally real subfield Bi,
• the relative discriminants ∆Fi/Bi go to infinity,
• the absolute degree [Fi : Q] is bounded.
Then (Γi)i∈N has property B-S.
The second condition is reminiscent of the assumptions of the Brauer Siegel theorem, but the
proof in [55] does not use it. The argument follows the strategy of [1] via Invariant Random
Subgroups (IRS) and the Borel density Theorem for IRS’s [1, Theorem 2.6].
Let us explain how one could deduce the weak version of Conjecture 1.5 from the statement
that holds only for maximal lattices. We shall use Theorems 1.3 and 1.4 ( [1, Theorems 1.12,1.2]).
Lemma 1.7. Let G be a semisimple Lie group. Suppose that every sequence of maximal arithmetic
lattices (Γi)i∈N such that Vol(Γi\G)→∞ has the limit multiplicity property and property B-S. Then
every sequence of congruence arithmetic lattices (Λi)i∈N satisfying limi→∞Vol(Λi\G) =∞ has the
limit multiplicity property and property B-S.
Proof. Let (Λi)i∈N be as in the statement. It will be enough to show that we can always find
a subsequence with the desired properties. For any i choose a maximal arithmetic lattice Γi
4For non-uniform lattices the operator RΓf is not of trace class so our formulation of Strong Limit Multiplicity
does not make sense.
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containing Λi. We consider two cases, either Vol(Γi\G) goes to ∞ or not. In the first case,
the sequence (Γi) has the limit multiplicity property and the B-S property. For any R > 0 and
f ∈ Cc(G) we have
Vol((Λi\G/K)<R)
Vol(Λi\G/K) ≤
Vol((Γi\G/K)<R)
Vol(Γi\G/K) (1.6)∣∣∣∣f(1)− trRΛifVol(Λi\G)
∣∣∣∣ ≤ ∣∣∣∣f(1)− trRΓifVol(Γi\G)
∣∣∣∣ . (1.7)
Inequality (1.6) follows from the fact that the R-thin part of Λi\G/K covers only the R-thin part
of Γi\G/K so Vol((Λi\G/K)<R) ≤ [Γi : Λi]Vol((Γi\G/K)<R). To prove (1.7) note that for every
Γi-conjugacy class [γ]Γi we have∑
[γ′]Λi⊂[γ]Γi
Vol(Λi,γ′\Gγ′)Oγ′(f) ≤ [Γi : Λi]Vol(Γi,γ\Gγ)Oγ(f).
Now (1.7) follows from the Selberg trace formula and the identity Vol(Λi\G/K) = [Γi : Λi]Vol(Γi\G/K).
Hence (Λi)i∈N also has the limit multiplicity property and the B-S property. In the second
case we invoke the result of Borel and Prasad [14, Theorem A] on the finiteness of the number of
arithmetic lattices of bounded volume. It follows that there exists an infinite subsequence (ni)i∈N
such that Γni = Γ for some fixed maximal Γ. The lattices in the sequence (Λni)i∈N are all contained
in Γ so by Theorem 1.3 it has property B-S. Moreover the radius of injectivity of Λni\G/K is at
least as big as injrad (Γni\G/K) so by Theorem 1.4 (Λni)i∈N has the limit multiplicity property. 
Note that even if the strong version of the Conjecture 1.5 holds for maximal lattices the argument
above does not yield the strong version in the general case. The reason for that is that the implicit
constant and the exponent in Theorem 1.3 depend of the lattice in a non-explicit way. 5
1.4. Main results. Our main results deal with sequences of arbitrary, torsion free congruence
arithmetic lattices in PGL(2,R) and PGL(2,C). Let K = R or C and let K be a maximal
compact subgroup of PGL(2,K). Write X for the symmetric space PGL(2,K)/K equipped with
the Riemannian metric induced by the Killing form.
Strong Limit Multiplicity and Benjamini-Schramm convergence.
Theorem 1.8. [Strong Limit Multiplicity] There exists a > 0 such that for any R > 0 the following
holds. Let Γ be a uniform torsion free, congruence arithmetic lattice in PGL(2,K). For any
f ∈ C(PGL(2,K)) with suppf ⊂ B(1, R)
|Vol(Γ\PGL(2,K))f(1)− trRΓf | R ‖f‖∞(Vol(Γ\PGL(2,K))1−a. (1.8)
We can take a ≥ 0.014.
Theorem 1.9. [Strong Benjamini Schramm convergence] There exists a > 0 such that for any
R > 0 the following holds. Let Γ be a torsion free, congruence arithmetic lattice in PGL(2,K).
Then
Vol((Γ\X)<R)R Vol((Γ\X))1−a. (1.9)
We can take a ≥ 0.014.
5It looks difficult to extract sufficient dependence of Γ from the proofs of [1, Thm 1.2] and the analogous result
from [28]. One of the main innovation of the present paper is an alternative approach to [1, Thm 1.2] based on
representation theory, which gives very explicit bounds.
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Remark 1.10. This settles both versions of Conjecture 1.5 for lattices in PGL(2,R) and PGL(2,C)
with an additional assumption that they are torsion free. Our method should also apply to con-
gruence lattices without torsion of order less than N , for N big enough. Lattices with 2-torsion
elements are the hardest case, where the bounds we can obtain are not sufficient to prove the Strong
Limit Multiplicity.
Without assuming the congruence condition we have
Theorem 1.11. There exists c > 0 such that for any R > 0 the following holds. Let K = R or
C, let Γ be a torsion free, arithmetic lattice in PGL(2,K). Then for any f ∈ C(PGL(2,K)) with
suppf ⊂ B(1, R)
|Vol(Γ\X)f(1)− trRΓf | R ‖f‖∞∆−ck , (1.10)
Vol((Γ\X)<R)
Vol(Γ\X) R ∆
−c
k , (1.11)
where ∆k is the discriminant of the trace field k of Γ and c ≥ 0.0006.
As a corollary of the proof we will get
Corollary 1.12. Let (Γi)i∈N be a sequence of torsion free arithmetic lattices in PGL(2,K). Then
either infinitely many Γi’s are commensurable or the sequence (Γi)i∈N has property B–S.
By using a different argument Corollary 1.12 is vastly improved in [31] (see Corollary 1.15).
Remark 1.13. An element g is called R-regular ( [9, 54]) if Ad g has no eigenvalues on the unit
circle. Define
trrrRΓf =
∑
[γ]∈Γ
γ R−regular
Vol(Γγ\Gγ)Oγ(f).
In the proof Theorem 1.8 we actually show that for any congruence lattice Γ (possibly non-uniform
or with torsion) ∣∣∣∣ trrrRγfVol(Γ\PGL(2,K))
∣∣∣∣R ‖f‖∞Vol(Γ\PGL(2,K))(1−a). (1.12)
Theorem 1.8 follows because in the torsion free lattices of PGL(2,K) every nontrivial element is
R-regular.
Several steps of the proofs of Theorems 1.8, 1.9 and 1.11 work also for other simple Lie groups.
The difficulties arise when we want to estimate the adelic volumes of the centralizers (c.f. Propo-
sition 9.6) and the values of irreducible congruence characters at semisimple, non-regular elements
(c.f. Theorem 6.1). For general semisimple Lie group G the methods from the present paper
should be mutatis mutandis enough to prove that the contribution to the geometric side of the
trace formula coming from R-regular elements (see [9,54]) of a congruence lattice Γ is bounded by
Vol(Γ\G)1−α for some α > 0. For torsion free uniform lattices in PGL(2,R),PGL(2,C) all non-
trivial elements are R-regular so trRΓf − f(1)Vol(Γ\G) = trrrRΓf and we can prove the strong
form of limit multiplicity. In the forthcoming work with Jean Raimbault [31] we prove:
Lemma 1.14. [31] Let G be simple Lie group and let (Γi)i∈N be a sequence of lattices in G such
that for every f ∈ Cc(G) we have
lim
i→∞
trrrRΓif
Vol(Γ\G) = 0.
Then the sequence of locally symmetric spaces Γi\X tends to X in Benjamini-Schramm conver-
gence.
As a corollary of (1.12) and the above lemma one gets
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Corollary 1.15. [31] Let be (Γi)i∈N be any sequence of pairwise non-conjugate arithmetic con-
gruence lattices in PGL(2,K). Then Γi\X converges B-S to X.
Triangulations of arithmetic hyperbolic 3-manifolds. As an application of above results we
prove Gelander conjecture [32, Conjecture 1.3] for arithmetic 3-manifolds:
Theorem 1.16. There exist absolute positive constants A,B such that every arithmetic, hyperbolic
3-manifold M is homotopically equivalent to a simplicial complex with at most AVol(M) vertices
and each vertex has degree bounded by B (if M is compact we can take B = 245).
As a simple corollary we obtain:
Corollary 1.17. There exists a constant C > 0 such that any arithmetic lattice Γ in PGL(2,C)
admits a presentation
Γ = 〈S | Σ〉
where the size of |S|, |Σ| is bounded by CVol(M) and all relations in Σ are of length at most 3.
Growth of Betti numbers. Mathsushima’s formula [11,45] provides a link between the spectral
decomposition of L2(Γ\PGL(2,K) and dimensions of cohomology groups Hi(Γ\X,C). We use
standard notation bi(Γ\X) := dimCHi(Γ\X,C) and we write b(2)i (X) for the L2-Betti numbers of
X. Using theorems 1.8 and 1.11 we deduce:
Corollary 1.18. Let (Γi)i∈N be a sequence of pairwise distinct arithmetic, torsion free lattices in
PGL(2,K). Assume that either the are congruence or they are pairwise non-commensurable. Then
lim
i→∞
bi(Γ\X)
Vol(Γ\X) = b
(2)
i (X) =
{
1
2pi X = H
2, i = 1
0 otherwise.
1.5. Baby Case. The proof of Theorem 1.8 is quite long and does not split well into separate
steps. Before giving the outline for the general case we will give a detailed sketch of the proof for
a very particular type of arithmetic lattices. The baby case deals with the class of ”nice” lattices
in PGL(2,R) (we will define them shortly) which are very close to being maximal. This example
already involves lattices with trace fields of unbounded degree so it does not follow from the results
of Matz [46] nor from the work of Raimbault [55]. The only reason why we can not work with
maximal lattices is that they contain torsion elements and some of our arguments break down for
such. We recommend the reader to get acquainted with our notations (Section 2), preliminaries
on the quaternion algebras (Section 3) and the construction of arithmetic lattices (Section 4.2,
Definitions 4.6,4.19,4.5) before reading this sketch.
Let k be a totally real number field of odd degree. We assume that the ring of integers Ok has
a prime ideal p0 such that Ok/p0 ' F2. Fix a real place ν0 of k. Let D be the quaternion algebra
over k with the ramification set RamD = M∞k \ {ν0}. By Proposition 3.8 such D exists and is
unique up to k-isomorphism. Write PD× for the projective multiplicative group of D. The group
of adeles decomposes as the restricted product
PD×(A) ' PGL(2,R)× PO(3,R)[k:Q]−1 ×
∗∏
p∈Mfk
PGL(2, kp). (1.13)
We fix a maximal open compact subgroup U of PGL(2,Af ):
U =
∏
p∈Mfk
PGL(2,Okp). (1.14)
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We put K0 = {k×p0x | x ∈ GL(2,Okp0 ), x ≡ Id mod p20} and U0 = K0 ×
∏
p∈Mfk
p6=p0
PGL(2,Okp).
Since Ok/p0 ' F2 we have PGL(2,Okp0 ) ' PGL(2,Z2) and
K0 ' {Z×2 x | x ∈ GL(2,Z2), x ≡ Id mod 4}
is a torsion-free subgroup of PGL(2,Okp0 ) of index 48. We put Γ := PD×(k) ∩
(
PD×(A∞)× U0
)
and identity Γ with its projection to PD×(kν0) ' PGL(2,R). It is a congruence arithmetic torsion-
free lattice in PGL(2,R). We will call the lattices constructed in this way nice. In the baby case
we will show that for any f ∈ Cc(PGL(2,R)) and a nice lattice Γ we have
|trRΓf −Vol(Γ\PGL(2,R))f(1)| f Vol(Γ\PGL(2,R))1−a, (1.15)
for some positive constant a6. Since nice lattices are subgroups of maximal lattices of uniformly
bounded index, the argument will be much simpler than in the general case. In particular, we will
not need to use the representation zeta functions and the machinery developed in Section 8.
Step 1. We would like to bound the LHS of (1.15) from above using the adelic version of
Selberg trace formula and give a lower bound on the volume Vol(Γ\PGL(2,R) using our variant
of Borel volume formula (Corollary 9.5). Put fA = f ⊗ (1PO(3,R))[k:Q]−1 ⊗ (48 · 1U0) (see Section
4.5 for the explanation why we choose fA in this way) and put the standard Haar measure (see
Section 2.4) on PD×(A). We recall that the standard measure depends implicitly on the choice of
the subgroup U . By Section 4.5, Corollary 4.25 we have the following estimate
|Vol(Γ\PGL(2,R))f(1)− trRΓf | ≤ 2|cl (U0)|
∑
[γ]PD×(k)
γ 6=1
Vol(PD×γ (k)\PD×γ (A))Oγ(|f |A), (1.16)
and by Corollary 9.5
Vol(Γ\PGL(2,R)) = [U : U0]|cl (U0)|
|∆k|3/2ζk(2)
pi(4pi2)[k:Q]−1
≥ 48|∆k|
3/2
|cl (U0)|(4pi2)[k:Q] . (1.17)
Note that in the case of nice lattices the ramification set of the quaternion algebra consists only
of archimedean places. Moreover, the set S of places p where U 6' PGL(2, Okp) is empty so the
above formulas are simpler than in the general case. The proofs of Corollaries 4.25 and 9.5 are as
hard for the baby case as they are in general.
Step 2. Note that Oγ(|f |A) 6= 0 implies that the conjugacy class of γ in PGL(2,R) intersects
the support of f . We endow PGL(2,R) with a left-invariant group metric d(x, y) = ‖1−Ad (y−1x)‖
where ‖A‖ = √tr(ATA). Assume that suppf is contained in a ball B(1, R). In Lemma 6.9 we
show that if the conjugacy class of γ intersects B(1, R) then the logarithmic Mahler measure m(γ)
of γ 7 is bounded by R. The Mahler measure controls many arithmetic quantities related to γ
including the orbital integrals and the adelic volumes appearing on the right hand side of 1.16. It
is important to keep in mind that the non-vanishing of Oγ(|f |A) gives a uniform bound on m(γ).
The estimate of RHS of (1.16) can be split in three parts. First we need to estimate the number
of the conjugacy classes that bring a non-zero contribution to the sum, secondly we need a uniform
upper bound on Vol(PD×γ (k)\PD×γ (A)) for those γ with Oγ(|f |A) 6= 0 and finally a uniform upper
bound on Oγ(|f |A).
Step 3. We give an upper bound on the number N = N(f,Γ) of rational conjugacy classes
γ such that Oγ(|f |A) 6= 0. In Section 7 we prove (Theorem 7.2) that N = exp(o([k : Q])). The
argument does not simplify for the baby case so for the details we refer to Section 7. The idea of
the proof is the following. The uniform bound on the logarithmic Mahler measure m(γ) allows to
6Our proof in this special case yields a ≥ 1/2 and this is not optimal. Note that the bound in general case is
much weaker, with a≥ 0.014.
7For the definition of Mahler measure of an algebraic number see Section 5, m(γ) is defined as m(λ) where λ is
a non-trivial eigenvalue of Ad γ.
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use Bilu equidistribution theorem for the eigenvalues of γ. For each conjugacy class we construct
a vector in a [k : Q]-dimensional Euclidean space and we use a variant of Bilu equidistribution
theorem to show that the are almost orthogonal if they have different eigenvalues. To finish
the proof of Theorem 7.2 we apply bounds of Kabatianski-Levenstein on the number of almost
orthogonal vectors in an Euclidean space to estimate the number of possible eigenvalues of Ad γ
by exp(o([k : Q])). In the projective group PD×(k) the eigenvalues of Ad γ practically determine8
the conjugacy class of γ (see Proposition 3.5) so we are done.
Step 4. Let γ be a regular non-torsion semisimple element of PD×(k) such that Oγ(|f |A) 6= 0.
To bound the volume Vol(PD×γ (k)\PD×γ (A)) we express it using the completed Artin L-functions.
Again, we will use the fact that Oγ(|f |A) 6= 0 implies a bound on the logarithmic Mahler measure
of γ. Let λ be one of the non-trivial eigenvalues of Ad γ. Put l = k(λ), it is a quadratic extension
of k. Let ξk(s), ξl(s) be the completed Dedekind zeta functions of k and l respectively. Put
Λ(s, χl/k) = ξl(s)/ξk(s)
9. By Proposition 9.6 we have
Vol(PD×γ (k)\PD×γ (A))
Λ(1, χl/k)
(2pi)[k:Q]
. (1.18)
With the help of Theorem 5.4 we can prove that |Λ(s, χl/k)| s exp(o(k : Q)). In this step we have
to use the assumption that γ is non-torsion and that m(γ) < R. Next, we mimic the complex-
analytic proof of the Brauer-Siegel theorem to get
Vol(PD×γ (k)\PD×γ (A))ε,R
|∆k|1/2+ε
(2pi)[k:Q]
. (1.19)
Inequality (1.19) is the contens of Proposition 9.8.
Step 5. Finally we need to bound the orbital integrals Oγ(|f |A). This is the part where the
baby case is much easier than the general case. Note that
|f |A = |f | ⊗ (1PO(3,R)⊗[k:Q]−1 ⊗ 481K0 ⊗
⊗
p6=p0
1PGL(2,Okp ),
so
Oγ(|f |A) = 48Oγ(|f |)Oγ(1K0)
∏
p6=p0
Oγ(1PGL(2,Okp )).
By inequality (6.16) from the proof of Proposition 6.5 we deduce that
|Oγ(1PGL(2,Okp )) ≤ 3e|∆(γ)|
−1/2
p , (1.20)
where e = 0 if |∆(γ)|p = 1 and e = 1 otherwise. Bounds on orbital integrals of this type are
classical for SL(2, kp) (see [p.411–418] [2]). The computation for PGL(2, kp) is done in Section 6.2.
Recall that ∆(γ) is the Weyl discriminant of γ and that | · |p is the multiplicative p-adic valuation,
normalized so that |pi|p = N(p)−1 where pi is the uniformiser of Okp .
We have Oγ(1K0) ≤ Oγ(1PGL(2,Okp0 ) so
Oγ(|f |A) ≤ 48 · 3N
∏
p
|∆(γ)|−1/2p = Oγ(|f |A) ≤ 48 · 3N |Nk/Q(∆(γ))|1/2,
where N is the number of primes p for which |∆(γ)|p 6= 1. If Oγ(|f |) 6= 0 then by Lemma 5.3
|Nk/Q(∆(γ))| = exp(o([k : Q])). This is one of the key ways we use Bilu equidistribution theorem.
Note that
3N < 22N ≤
∏
p
|∆(γ)|−2 = |Nk/Q(∆(γ)|2 = exp(o([k : Q])).
8Except for 2-torsion classes.
9This is completed Artin L-function attached to the unique non-trivial character χl/k of Gal(l/k).
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It remains to deal with the archimedean orbital integral. By Corollary 6.10 Oγ(|f |A) [k : Q]4 =
exp(o([k : Q])). Putting those estimates together we get
Oγ(|f |A) exp(o([k : Q])).
Step 6. We apply the bounds from the last three steps to (1.16):
|trRΓf −Vol(Γ\PGL(2,R)|  2|cl (U0)|
|∆k|1/2+ε
(2pi)[k:Q]
exp(o([k : Q])) |∆k|
1/2+2ε
|cl (U0)|(2pi)[k:Q] .
In the last inequality we have used Minkowski’s lower bound on ∆k which tells us that ∆k grows
exponentially in the degree [k : Q]. On the other hand the volume is bounded from below by
Vol(Γ\PGL(2,R)) |∆k|
3/2
|cl (U0)|(4pi2)[k:Q] .
We look for a > 0 such that
|∆k|1/2+2ε
|cl (U0)|(2pi)[k:Q] 
( |∆k|3/2
|cl (U0)|(4pi2)[k:Q]
)1−a
.
(4pi2)(1−a)[k:Q]
|cl (U0)|a(2pi)[k:Q]  |∆k|
(1−a)3/2−1/2.
Minkowski lower bound on the discriminant10 yields |∆k|  e2[k:Q]−log[k:Q]  e1.99[k:Q] so it would
be enough to take a > 0 such that(
(4pi2)(1−a)
(2pi)
)[k:Q]
 e1.99[k:Q][(1−a)3/2−1/2].
If we take a = 1/2 the left hand side is equal to 1 while the right hand side equals e1.99[k:Q]/4. The
Strong Limit Multiplicity for the baby case follows with a = 1/2.
1.6. Outline of the proofs.
Short geodesics and their consequences. Let Γ be an arithmetic lattice in PGL(2,K) and let X be
the symmetric space of PGL(2,K). One of the key aspects of our proof is exploiting the properties
of the trace field forced by the presence of short closed geodesics in Γ\X. By short we mean
shorter that some fixed positive constant R. Both the Strong Limit Multiplicity property and
Strong Benjamini-Schramm convergence hold trivially for compact quotients if there are no short
closed geodesics so in our argument we may assume that there are short geodesics on Γ\X. Let
k be the trace field of the lattice Γ. A primitive closed geodesic on Γ\X of length ` corresponds
to a unique conjugacy class [γ]Γ such that Ad γ has an eingenvalue λ with log |λ| = `. Lemma 6.9
tells us then that the logarithmic Mahler measure of λ is bounded by `. Eigenvalue λ generates
a quadratic extension over k so from the presence of short geodesics we can infer that k has
quadratic extensions containing algebraic numbers of small logarithmic Mahler measure. Using
the machinery developed in Section 5 we extract nontrivial information on the distribution of
prime ideals of small norm in Ok (c.f. Theorem 5.4 and Corollary 5.5). This information is put
to use in Section 10 where both the volume formulas and our bounds are very sensitive to the
presence of ideals of small norm in Ok.
Acknowledgement. This work was done as a part of author’s PhD thesis at the Universite´ Paris-
Sud. I would like to thank my supervisor Emmanuel Breuillard for suggesting this problem as well
as for many useful remarks. I am grateful to Nicolas Bergeron and Erez Lapid for careful reading
and pointing out errors in an earlier version of the manuscript.
10Minkowski gives
√
∆k ≥ n
n
n!
(
pi
4
)r2 where n = [k : Q] and r2 is the number of complex places of k. As the field
k is totally real the desired bound follows from Stirling’s approximation.
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Strong Limit Multiplicity. The proof of Theorem 1.8 is divided into several steps.
(1) Adelic Trace Formula. The first step is to express the trace of RΓf using the adelic
Arthur-Selberg trace formula. We work only with compact quotients so the formula takes
a simple form. For brevity write G = PGL(2,K). The ordinary Selberg trace formula
yields the equality
trRΓf =
∑
[γ]Γ⊂Γ
Vol(Γγ\Gγ)
∫
Gγ\G
f(g−1γg)dg.
We shall write Oγ(f) for the orbital integral
∫
Gγ\G f(g
−1γg)dg. The problem with this
trace formula is that we sum orbital integrals over conjugacy classes in Γ. A priori it is not
clear how to parametrize conjugacy classes in Γ. The adelic version of the trace formula
allows to replace Γ by the k-points of a certain algebraic group PD× and to sum over
rational conjugacy classes in PD×(k). The latter are easy to classify, we do this in Section
3.4.
In Section 4 we recall the construction of congruence arithmetic lattices and develop a
suitable trace formula (Theorem 4.21) that allows to express trRΓ as a weighted sum of
orbital integrals. For example, if D is a quaternion algebra defined over Q which splits over
R, O is a maximal order in D, then the group of units of norm 1 denoted by Γ = O1 is an
arithmetic lattice in SL(2,R). We can choose an open, compact subgroup U of D1(Af ) such
that Γ = D1(Q) ∩ U . Write R for the right regular action of D1(A) on L2(D1(k)\D1(A)).
The trace formula reads
trRΓf = trRfA =
∑
[γ]∈D1(Q)
Vol(D1γ(Q)\D1γ(A))
∫
D1γ(A)\D1(A)
fA(x
−1γx)dµA(x), (1.21)
where fA ∈ C∞c (D1(A)) is a tensor product of f and the characteristic function of U and µA
is an appropriate measure D1(A). To get the first equality one has to follow the argument
from the proof of Lemma 4.13 plus the fact that D1 satisfies the strong approximation
property. A similar result holds for congruence subgroups which are derived from orders
of quaternion algebras over number fields in the sense of [57].
Unfortunately not all congruence lattices can be constructed this way i.e. using simply
connected algebraic groups (by the work of Borel [13] we know that each commensurability
class of arithmetic lattices in SL(2,C) contains infinitely many maximal elements while the
construction forom [57] provides only finitely many candidates for maximal lattices). Not
all of them can be constructed as groups O1 for an order in a quaternion algebra. To
construct and parametrize all congruence lattices we switch to the projective groups PD×.
For an admissible quaternion algebra D defined over a number field k the congruence
lattices are obtained as intersections FV = PD
×(k) ∩ V where V is an open compact
subgroup of PD×(Af ). The details of the construction are summarized in Sections 4.1, 4.2
and 4.3.
As we see in Lemma 4.13 the formula (1.21) does not hold for PD× and the adelic trace
is a sum of traces RΓ′V f where Γ
′
V are lattices from the same packet (cf. Definition 4.5)
as ΓV . To isolate the trace of RΓV f we introduce twisted operators R
χfA (cf. Definition
4.14). Using Fourier inversion on the class group of D (cf. Definitions 4.6 and 4.19) we
express the trace of RΓV f as a linear combination of traces trR
χfA. This occupies Sections
4.4 and 4.5 and the final result is Theorem 4.21:
trRΓV f =
∑
[γ]PD×(k)
Vol(PD×γ (k)\PD×γ (A))ΞVγ (fA), (1.22)
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where ΞVγ (fA) is a combination of twisted orbital integrals defined in the statement of
Theorem 4.21. Using basic Class Field Theory (Lemma 4.23) we get the following estimate
(Corollary 4.25)
|ΞVγ (h)| ≤
2
|cl (V )| |Oγ(h)|, (1.23)
for any smooth compactly supported function h ∈ C∞c (PD×(A)) and regular semisimple
γ ∈ PD×(k). The class group cl (V ) is defined in Definition 4.19.
(2) Normalization. This step is crucial if we want to treat all congruence subgroups ΓV
not just the maximal ones. We fix a maximal compact subgroup U of PD×(A) containing
V . To prove the Strong Limit Multiplicity we will have to bound the orbital integrals
Oγ(fA) appearing in the trace formula. The function fA is given by a tensor product
fA = fA∞⊗ [U : V ]1V . We need to reprove the Limit Multiplicity analogue of Theorem 1.3
for Γ0 = ΓU with constants depending explicitly on D and U . The first step is to observe
that the orbital integrals Oγ(fA) are linear and invariant under conjugation by U . This
allows us to replace [U : V ]1V by χInd UV 1. Next, using Frobenius reciprocity, we get
χInd UV 1 =
∑
ρ∈IrrU
〈Ind UV 1, ρ〉χρ.
Recall that 〈Ind UV 1, ρ〉 = dimWVρ where Wρ is the space on which ρ acts and WVρ is the
subspace fixed by V . We have (cf. Lemma 4.26 and Corollary 4.25)
|ΞVγ (fA)| ≤
2|Oγ(fA∞)|
|cl (V )|
∑
ρ∈Irr(U)
dimWVρ |Oγ(χρ)|
By the trace formula (Theorem 4.21) we get
|trRΓV f −Vol(ΓV \PGL(2,K))f(1)| ≤
∑
16=[γ]∈PD×(k)
Vol(PD×γ (k)\PD×γ (A))
2|Oγ(fA∞)|
|cl (V )|
∑
ρ∈Irr(U)
dimWVρ |Oγ(χρ)|.
After reversing the order of summation the right hand side reads∑
ρ∈Irr(U)
dimWVρ
 ∑
16=[γ]∈PD×(k)
Vol(PD×γ (k)\PD×γ (A))
2|Oγ(fA∞)|
|cl (V )| |Oγ(χρ)|
 .
The passage from [U : V ]1V to a sum of irreducible characters will be referred to as
normalization. Our next step is bounding the orbital integrals of irreducible characters
appearing on the right side. To this end we first extend the character bounds of Larsen [42]
(see Section 6.1) to the case of p-adic analytic groups and deduce that the orbital integral
of χ is bounded by χ(1)1−δ for some absolute δ > 0 (see Section 6.5). Given such bound
we can use the special representation zeta function and Lemma 8.2 to bound the sum
of orbital integrals over all irreducible characters. After that we will estimate the adelic
volumes and the number of conjugacy classes with nontrivial contribution.
(3) Orbital integrals. Recall that U was a maximal open compact subgroup of PD×(Af ). In
Section 6 we give an upper bound on |Oγ(fA∞)||Oγ(χρ)| for an irreducible representation
ρ of U . Since U =
∏
p∈Mfk Up the character χρ can be written as χρ =
⊗
p∈Mfk χ
p
ρ where
χpρ are irreducible characters of Up. We have
|Oγ(χρ)| =
∏
p∈Mfk
|Oγ(χpρ)|.
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The problem is now reduced to estimates on the local orbital integrals. This is one of the
advantages of normalization since, in general, the characteristic function of a subgroup V
of U does not admit a factorization over finite places. For a finite place p we show in
Proposition 6.5 that
|Oγ(χpρ)|  |∆(γ)|−3/2p
where ∆(γ) is the Weyl discriminant of γ (see Notations 2.2) and the implicit constant is
1 for all but finitely many places. In the actual proof we have to control the precise value
of the constant in terms of γ because we have to multiply this inequality over all finite
places. After doing so we get that for δ sufficiently small we have (Proposition 6.14):
|Oγ(χρ)|  25[k:Q]8δ|Ramf (D)|χρ(1)1−δ,
if γ is torsion and (Proposition 6.15):
|Oγ(χρ)|  exp(o([k : Q]))2δ|RamfD|χρ(1)1−δ
if γ has infinite order. In the non torsion case we rely crucially on Bilu’s Equidistribution
theorem (see Theorem 5.1 and Section 5).
The archimedean orbital integrals are estimated in Section 6.3. Recall that we work
with the assumption that f is supported on a ball of radius R. In this case we show that
the integral is bounded by
|Oγ(f)| R [k : Q]2‖f‖∞,
if γ is hyperbolic and
|Oγ(f)| R [k : Q]4‖f‖∞,
if γ is elliptic. Their contribution is polynomial in the degree of k, which will turn out to
be negligible. Combining these two we get that when γ is non-torsion then
|Oγ(fA∞)||Oγ(χρ)| R exp(o([k : Q]))2δ|Ram
fD|χρ(1)1−δ.
(4) An estimate on the adelic volumes. To control the size of Vol(PD×γ (k)\PD×γ (A)) we
show in Proposition 9.6 that
Vol(PD×γ (k)\PD×γ (A)) ≤ Λ(1, χl/k)
where l is the quadratic extension of k generated by γ in D, χl/k is the unique nontrivial
character of the Galois group Gal(l/k) and Λ(s, χl/k) is the completed Artin L-function
associated to χl/k. This is probably well known to experts. We give a self contained proof
using periods of Eisenstein series. Next, using Bilu’s equidistribution theorem and the
maximum principle, we show in Proposition 9.8 that when γ is not torsion and Oγ(f) 6= 0
then for any ε > 0 we have
Vol(PD×γ (k)\PD×γ (A))ε exp(o([k : Q]))
|∆k|1/2+ε
(2pi)[k:Q]
.
(5) Number of conjugacy classes. The estimates on orbital integrals and the adelic volume
allow us to give a uniform bound on the contribution of a single conjugacy class. Now we
need to bound the number of classes with non-trivial contribution. As we show in Section
3.4 the conjugacy classes are either 2-torsion or they are determined by their eigenvalues.
By Lemma 6.9 from Section 6.3 the eigenvalues of non-torsion elements are Salem numbers.
Then one can use Bilu equidistribution theorem and some geometric arguments to show
that the number of classes with nontrivial contribution is of order exp(o([k : Q])).
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(6) Conclusion. Putting the three last steps together we get that∑
[γ]∈PD×(k)
torsion free
Vol(PD×γ (k)\PD×γ (A))2|Oγ(fA∞)||Oγ(χρ)|  (1.24)
‖f‖∞ exp(o([k : Q])) |∆k|
1/2+ε
(2pi)[k:Q]
2δ|Ram
fD|χρ(1)1−δ. (1.25)
From which it follows that for a torsion free lattice ΓV we have
|trRΓV f −Vol(ΓV \PGL(2,K))f(1)|  (1.26)
‖f‖∞
|cl (V )|
∑
ρ∈IrrU
dimWVρ
[
exp(o([k : Q]))
|∆k|1/2+ε
(2pi)[k:Q]
2δ|Ram
fD|χρ(1)1−δ
]
. (1.27)
Using a variant of Lemma 8.2 we deduce that there exist positive constants α and b
(depending only on δ) such that
|trRΓV f −Vol(ΓV \PGL(2,K))f(1)|  (1.28)
‖f‖∞ exp(o([k : Q])) |∆k|
1/2+ε
(2pi)[k:Q]
2δ|Ram
fD|ζ∗U (b)
α [U : V ]
1−α
|cl (V )|1−α , (1.29)
where ζ∗U stands for the special representation zeta function of U . Note that in this bound,
the only factor that depends on V is [U :V ]
1−α
|cl (V )|1−α . By comparing the estimate with the Borel
Volume formula for maximal lattices (see [57, Chapter 11] and Section 9), Corollary 4.22
and a lower bound on discriminants due to Odlyzko ( [48]) we get the inequality
|trRΓV f −Vol(ΓV \PGL(2,K))f(1)|  ‖f‖∞Vol(ΓV \PGL(2,K))1−α.
This concludes the proof of Strong Limit Multiplicity for torsion free congruence lattices in
PGL(2,K).
From Limit Multiplicity to Benjamini-Schramm convergence. The Strong Benjamini-Schramm
convergence will be deduced from the Strong Limit Multiplicity property in the Section 11. The
proof is just an application of Strong Limit Multiplicity to the characteristic function of the ball of
radius R around the identity. Section 11 contains also the proofs of Theorem 1.11 and Corollary
1.12.
Gelander Conjecture. We construct appropriate simplical complex as nerve of a covering of M by
balls of diameter smaller than the local injectivity radius. We use Dobrowolski lower bound on
Mahler measure [25] to control the minimal injectivity radius in terms of the degree of the trace
field and Theorem 1.11 to estimate the volume of the thin part of the manifold. Quantitative
control over both of them allows to deduce Theorem 1.16. Proof occupies Section 12.
2. Notation
2.1. Analysis. We shall use Vinogradov notation. If f, g are two functions dependent, among
others on a variable X we write f X g if there exists a constant C dependent on X such that
f ≤ Cg similarly we write f X g if the opposite inequality is true. We will write f = oX(g) if
lim fg = 0 and the speed of convergence depends on X. Logarithms are always in base e. We write
Q,R,C for the fields of rational, real and complex numbers respectively. Throughout the text K
will mean either R or C. For any function f we write ‖f‖∞ for the supremum norm and ‖f‖Lp
for the Lp norm whenever the latter can be defined. If z is a complex number we write |z| for its
modulus.
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2.2. Groups. Let G be a group acting on a set X. For a subset S ∈ G we write XS for the set
of points fixed by S, Gx for the orbit of G containing x and StabGx for the stabilizer of x. If H is
a subgroup of G and γ ∈ G we write [γ]H for the H-conjugacy class of γ. If H = G we may omit
the subscript and write [γ]. For two elements x, y ∈ G we shall write x ∼H y if y ∈ [x]H .
If G acts by automorphisms on the group X then we write H1(G,X) for the first cohomology
set and if X is abelian we write Hi(G,X) for the i-th cohomology group.
If G is a Lie group defined over a field F we shall write g for its Lie algebra and Ad : G→ GL(g)
for the adjoint action. We write X∗(G) for the group of characters of G i.e. homomorphisms to
F ∗. If G is semisimple and T is a maximal torus of G we write Φ(G,T ) for the set of roots of G
with respect to T . For a semisimple element γ ∈ G we define the Weyl discriminant ∆(γ) of γ as
0 if γ is not regular semisimple and otherwise as
∆(γ) =
∏
λ∈Φ(G,T )
(1− λ(γ)),
where T is the maximal torus containing γ.
2.3. Number Theory. Throughout the text, the letter k will usually mean a number field. For
a given number field k we write
• Ok for the ring of integers, Mk for the set places of k, Mfk for the set of finite places and
M∞k for the set of infinite (archimedean) places, for any finite set S ∈Mk containing M∞k
write Ok,S for the ring of S-integers;
• For an ideal a in Ok we write N(a) for the norm of a. It is defined as the cardinality of
Ok/a;
• Usually we shall use letters ν, ω to denote infinite or general places and p is reserved for
finite places. We identify the set of finite places with prime ideals of Ok and write q = N(p)
for the cardinality of the residue field Ok/p;
• For every ν ∈ Mk we write kν for the completion of k with respect to ν. For x ∈ kν we
write |x|ν for the valuation of x. The p-adic valuation is normalized so that |pi|p = q−1 for
the uniformizer pi;
• Let l/k be a finite extension. We write Nl/k : l → k for the norm and trl/k : l → k for the
trace of the extension l/k;
• Write ∆k for the discriminant of k and ∆l/k for the relative discriminant of extension l/k.
We have ∆l = ∆
[l:k]
k Nk/Q(∆l/k).
• For a non-archimedean local field F which is an extension of Qp of degree d we write ∆F
for the ideal
〈det((trF/Qpxixj)ij) | x1, . . . , xd ∈ OF 〉.
We have
|∆k| =
∏
p∈Mfk
|∆kp |−1p .
• We write Ak for the ring of adeles of k. For most time we work with a single number field
k so we omit the subscript and write A instead of Ak;
• If S, F are subsets of Mk such that M∞k ⊂ S we write ASF for the ring of S-integral F -adeles
which is defined as
ASF =
∗∏
ν∈S∩F
kν ×
∏
ν∈F\S
Okν , (2.1)
where * means that almost all coordinates are integers. When using this convention we
replace M∞k with symbol ∞ and Mfk with f . For example Af is the ring of finite adeles,
A∞ is the product of archimedean completions of k and A∞f is the ring of finite adeles
integral on all coordinates;
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• For a Galois extension l/k we write Gal(l/k) for the Galois group. Usually we will denote
the nontrivial elements of the Galois group by σ and write xσ for the result of acting by σ
on x ∈ l;
• For a number field l we denote the Dedekind Zeta function of l by ζl(s) and completed
Dedekind Zeta function by ξl(s);
• For a character χ of Gal(k/k) we write L(s, χ) for the associated Artin L-function, fχ for
the conductor of χ and Λ(s, χ) for the completed L-function. We will recall their definitions
in Section 9 devoted to volumes of adelic quotients;
• Whenever D is a quaternion algebra over the field k we write k×D for n(D×) ⊂ k× and A×D
for n(D×(A)) ⊂ A×. Recall that n, tr stand for the reduced norm and the reduced trace
respectively (see Section 3.2).
• Let D be a quaternion algebra defined over a non-archimedean local field F/Qp. Choose a
maximal order O in D. We define ∆D/F as the ideal 〈det((tr(xixj))ij) | x1, . . . , x4 ∈ O〉.
As all maximal orders in D are conjugate [57, Theorems 6.4.1, 6.5.3] the definition does
not depend on the choice of O.
2.4. Volume conventions. Let X be a topological space with a measure µ and let Γ be a group
acting properly discontinuously on X and preserving µ. We write Volµ(Γ\X) for the measure of a
fundamental domain of Γ. When X is a Riemannian manifold we usually take µ to be the volume
form on X in which case we omit the subscript µ and write Vol(Γ\X) for the Riemannian volume
of Γ\X.
Let G be a reductive algebraic group defined over a local field F . We shall define a canonical
Haar measure on G which will be called the standard measure of G. If F is archimedean then this
measure will be defined uniquely while in the non-archimedean case it will depend on the choice
of a maximal compact subgroup. Let us start with the archimedean semisimple case.
Definition 2.1. Choose a maximal compact subgroup K of G. Let X = G/K be the symmetric
space equipped with the left G-invariant Riemannian metric associated to the Killing form of G
(see [34]). Write dx for the volume form on X and dk for the normalized Haar measure on K.
We define the standard Haar measure on G as the unique measure for which∫
fdµ(g) =
∫
X
∫
K
f(xk)dkdx for any f ∈ Cc(G) (2.2)
As all maximal compact subgroups are conjugate this definition does not depend on the choice of
K.
When G is reductive let H = [Go, Go] be the maximal connected semisimple subgroup of G.
The connected component T1 := (G/H)
o of T0 := G/H is isomorphic to (R×+)a×(C×)b. We endow
T1 with a Haar measure
dt =
a∏
i=1
dti
ti
×
b∏
j=1
dxidyi
2pi(x2i + y
2
i )
1/2
and extend it to T0 by putting dt/[T0 : T1] on each connected component. Now we are ready to
define the standard measure on arbitrary reductive algebraic group over an archimedean field.
Definition 2.2. The standard measure on G is defined as the unique measure dg for which∫
fdµ(g) =
∫
T0
∫
H
f(th)dhdt for any f ∈ Cc(G), (2.3)
where dh stands for the standard measure on H.
In the reductive non-archimedean case the definition is analogous but a bit simpler because
maximal compact subgroups are open.
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Definition 2.3. Choose a maximal compact subgroup U of G. The quotient X = G/U is a discrete
space. Write dx for the counting measure on X and dk for the normalized Haar measure on U i.e.
the one for which Vol(U) = 1. We define the standard Haar measure on G as the unique measure
for which ∫
fdµ(g) =
∫
X
∫
K
f(xk)dkdx for any f ∈ Cc(G) (2.4)
The definition depends on the choice of maximal compact subgroup. There are finitely many con-
jugacy classes of maximal compact subgroups in G (cf. [52, Chapter 3.4]).
The definition of the standard measure extends to the adele groups. Let k be a number field and
let G be a reductive algebraic group defined over k. The group G(A) is a locally compact group.
Let us fix a maximal compact subgroup U of the group of finite adeles G(Af ). By maximality U
decomposes as a product U =
∏
p∈Mfk Up with Up maximal in G(kp). Then the standard measure
on G(A) is defined as
⊗
ν∈Mk µν where µν is the standard Haar measure on G(kν).
2.5. Representation Theory. For any topological group G, write IrrG for the set of equiva-
lence classes of irreducible, continuous unitary representations of G. Whenever ρ is a unitary
representation of G, we shall write Wρ for the underlying Hilbert space. For a finite dimensional
representation, we write χρ for the character of ρ. For any closed subgroup H of G and represen-
tations ρ1, ρ2 of G, we write 〈ρ1, ρ2〉 = dimC HomH(ρ1, ρ2). If ρ1, ρ2 are finite dimensional then we
also write 〈χρ1 , χρ2〉 = 〈ρ1, ρ2〉.
3. Preliminaries on quaternion algebras
3.1. Quaternion algebra. Throughout this section let F be an arbitrary field of characteristic
different than 2.
Definition 3.1. An associative unital algebra A over F is called a quaternion algebra if it is 4
dimensional and there exist i, j,k ∈ A such that:
• 1, i, j,k is a basis of A over F ;
• i2, j2,k2 ∈ F×;
• ij = −ji = k.
If A satisfies the above conditions the values i2 = a, j2 = b determine A up to F -isomorphism and
we write A =
(
a,b
F
)
.
Let E be a an extension of F , we say that a quaternion algebra A splits over E if A ⊗F E '
M(2, E). If A splits over F we just say that it splits.
Proposition 3.2. [57, Chapter 2] The following conditions are equivalent:
(1) A quaternion algebra
(
a,b
F
)
splits;
(2) the quadratic form x2 − ay2 − bz2 + abt2 is isotropic;
(3) −ay2 − bz2 − abt2 is isotropic.
In particular every quaternion algebra A over F splits over the algebraic closure F .
3.2. Norm, trace and involution. Let A =
(
a,b
f
)
be a quaternion algebra over F . Let x =
x1 + ix2 + jx3 + kx4. The standard involution on A is defined as
x = x1 − ix2 − jx3 − kx4.
The trace on A is defined as
tr(x) = x+ x = 2x1.
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The norm on A is defined as
n(x1 + x2i + x3j + x4k) = xx = x
2
1 − ax22 − bx23 + abx24.
For any element x ∈ A we have x2 − tr(x)x + n(x) = 0. In particular if F (x) is a subfield of A
then n(x) = NF (x)/F (x) and tr(x) = TrF (x)/F (x). An element x ∈ A is invertible if and only if
n(x) 6= 0. If that is the case, we have x−1 = xn(x) .
3.3. Quaternion algebras and algebraic groups. Given a quaternion algebra A we can asso-
ciate to it three linear algebraic groups:
A× ={x ∈ A|n(x) 6= 0} (3.1)
A1 ={x ∈ A|n(x) = 1} (3.2)
PA× =A×/Z(A×) = A×/Gm (3.3)
If A is split then they are isomorphic to GL(2, F ), SL(2, F ), PGL(2, F ) respectively. In particular
the last two are simple algebraic groups of type A1. Recall that we write Gγ for the centralizer of
γ in G.
Lemma 3.3. Let γ be a non-central, semisimple element of PA×(F ) and let γ˜ be one of its
preimages in A× and let ω1, ω2 be the roots of the polynomial X2 − tr(γ˜)X + n(γ˜). If ω1, ω2 6∈ F
put E = F (ω1). Then
(1) F [γ] ' F 2 if ω1, ω2 ∈ F and F [γ] ' F [ω] otherwise;
(2) PA×γ ' Gm if ω1, ω2 ∈ F and PA×γ ' Res 1E/FGm otherwise;
(3) PA×γ is a maximal torus of PA
×. If λ1, λ2 are the roots of PA× with respect to PA×γ then
up to a change of enumeration λ1(γ) =
ω1
ω2
and λ2(γ) =
ω2
ω1
;
(4) The Weyl discriminant of γ is given by
∆(γ) = (1− ω1
ω2
)(1− ω2
ω1
)
The same statement holds for γ ∈ A1(F ).
Proof. (1) follows from the Cayley-Hamilton theorem. For (2) observe that F [γ˜] is the centralizer
of γ˜ in A so on the level of F -points we have PA×γ ' F [γ˜]×/F×. If ω1, ω2 ∈ F then by (1)
PA×γ ' Gm × Gm/∆Gm ' Gm, where ∆ is the diagonal embedding. If E = F [γ˜] is a quadratic
extension of F then PA×γ ' Res E/FGm/Gm. By Hilbert’s Theorem 90 the latter is isomorphic
to Res 1E/FGm via the map x 7→ x−1xσ where σ is the generator of Gal(E/F ). For (3) recall that
λ1(γ), λ2(γ) are the nontrivial eigenvalues of Ad γ. (4) follows directly from (3) and the definition
of the Weyl discriminant (see Notations 2.2). 
3.4. Conjugacy classes.
Theorem 3.4 (Skolem-Noether). Let A be a central simple algebra over F and B a simple algebra
over F . Any two nontrivial F -homomorphisms φ1 : B → A and φ2 : B → A are conjugate by an
element of A×
From this we can deduce:
Proposition 3.5. Let A be a non split quaternion algebra over a field F . Let γ ∈ PA× \ {1} and
let λ be one of the non-trivial eigenvalues of Ad γ.
(1) γ and γ−1 are conjugate in PA×;
(2) γ is 2-torsion if and only if λ = −1. Otherwise λ 6∈ F× and the values of λ, λ−1 determine
the PA×-conjugacy class of γ;
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(3) Write n : PA× → F×/(F×)2 for the map induced by the norm. The map n induces
an injective map from the set of 2-torsion conjugacy classes in PA× to n(A×)/(F×)2.
Moreover for any lift γ˜ of γ we have F [γ˜] ' F [√−n(γ)].
Proof. (1) Let γ˜ be a lift of γ to A× and E = F (γ˜) be the subfield of A generated by γ˜.
It is a quadratic extension of F . Let σ be the generator of Gal(E/F ), it acts on E by
an F -automorphism so by Skolem-Noether theorem there exists an a ∈ A× such that
xσ = axa−1 for all x ∈ E. In particular
γ˜aγ˜a−1 = γ˜γ˜σ = n(γ˜) ∈ F×.
But this means that aγa−1 = γ−1.
(2) If λ = −1 then the eigenvalues of γ2 are both equal to 1 so γ is 2-torsion. Conversely, if
γ2 = 1 then λ = λ−1 = −1. Assume that γ is not 2-torsion. We claim that F (λ) is a
quadratic extension of F . Choose an element γ˜ ∈ A× lifting γ. Write ω1, ω2 for the roots
of the characteristic polynomial of γ˜. We have ω1 = λω2 and
(1 + λ)ω2 = ω1 + ω2 = trγ˜ ∈ F.
Since γ is not 2-torsion λ+ 1 6= 0. If λ ∈ F then ω1, ω2 ∈ F×. This cannot happen unless
A is split. Thus, we have λ 6∈ F . We have λ ∈ F (ω1) so by comparing degrees we get
F (λ) = F (ω1) ' F (γ) ⊂ A.
Now we prove that if λ 6= −1 then it determines uniquely the conjugacy class of γ in
PA×. Let γ1, γ2 ∈ PA× be elements with same eigenvalues λ, λ−1, different than −1.
Let γ˜1, γ˜1 be their lifts to A
×. We have shown that F (γ˜1) ' F (γ˜2) ' F (λ). Thus by
the Skolem-Noether theorem (Thm 3.4) we find a ∈ A× such that aγ˜2a−1 ∈ F (γ˜1). We
can replace γ2 by aγ2a
−1. The equality of eigenvalues and a simple computation using
characteristic polynomials implies that either γ1 = γ2 or γ1 = γ
−1
2 . By the point (1) of
present proposition γ1 and γ2 are conjugate.
(3) Let γ be a 2-torsion element in PA×. We claim that n(γ) ∈ F×/(F×)2 determines uniquely
the PA× conjugacy class of γ. Let γ˜ be a lift of γ to A× and E = F (γ˜) be the subfield of
A generated by γ˜. It is a quadratic extension of F . Let σ be the generator of Gal(E/F ).
We have (γ˜σ/γ˜)2 = 1 so γ˜σ = −γ˜, otherwise γ˜ would be in F×. Thus n(γ˜) = −γ˜2 and
consequently E ' F (√−n(γ˜)). The isomorphism class of E depends only on the class of
n(γ˜) modulo (F×)2 so it is determined uniquely by the value of n(γ). If γ1, γ2 ∈ PA× are
2-torsion and n(γ1) = n(γ2) then F (γ˜1) ' F (γ˜2) so by Skolem-Noether γ˜2 ∈ F (γ˜1) up to
conjugation. But then n(γ1) = n(γ2) implies that γ˜
2
1 ≡ γ˜21 modulo (F×)2 so γ1 = γ2.

3.5. Quaternion algebras over local fields.
Proposition 3.6. Let F be a local field. If F is non-archimedean or R there exist exactly two
isomorphism classes of quaternion algebras over F . If F is non-archimedean there exists a unique
unramified quadratic extension E/F .Let pi be the uniformizer of F and σ the nontrivial Galois
automorphism of E/F . The unique division quaternion algebra over F is given by(
x y
piyσ xσ
)
where x, y ∈ E
If F = R then the unique division quaternion algebra is the Hamilton quaternion algebra
H = R+ iR+ jR+ kR where i2 = j2 = k2 = −1 and ij = −ji = k
Lemma 3.7 (cf. [57, Exercise 7.5.2]). If F is a non-archimedean local field of residue field of size
q and D is a quaternion algebra over F then |∆D/F | = 1 if D is split and q−2 if D is a division
algebra.
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3.6. Quaternion algebras over number fields. Let k be a number field and let D be a quater-
nion algebra defined over k. By previous section for a place ν of k the algebra D ⊗k kν is either
isomorphic to M(2, k) or to the unique, up to isomorphism, quaternion divison algebra over kν .
In the second case we say that D is ramified in ν. Write RamD for the set of places where D is
ramified. We put RamfD := RamD ∩Mfk and Ram∞D = RamD ∩M∞k .
Proposition 3.8 ( [57, Chapter 7]). Let k be a number field and let D be a quaternion algebra
defined over k. The set RamD is finite of even cardinality and it determines the isomorphism
class of D. Conversely, for every subset S of Mk of even cardinality there exists a unique up to
isomorphism quaternion algebra D such that RamD = S.
4. Trace formula for congruence lattices
Let G = SL(2,K) or PGL(2,K) where K = R or K = C. In this section we give a parametriza-
tion of maximal arithmetic lattices in G, and prove trace formulas for Γ\G for Γ an arithmetic
congruence lattice. The first section follows the exposition from [57, Chapter 11.4]. In the next we
switch to the adelic setting and give a construction of maximal lattices, originally due to Borel. In
subsections 3, 4 and 5 we develop a trace formula valid for arbitrary congruence arithmetic lattices
in PGL(2,K). The main results of this part of the article are Theorem 4.21 and Lemma 4.26.
4.1. Commensurability classes. Let us begin with the parametrization of the commensurability
classes of irreducible arithmetic lattices of G, those will be in one-to-one correspondence with
certain quaternion algebras defined over number fields.
Let k be a number field with at most one complex place such that at least one archimedean
completion of k is isomorphic to K. We enumerate its infinite places M∞k = {ν1, . . . , νr1+r2} in such
a way that kν1 = K. Let D be a quaternion algebra over k (i.e. D =
(
a,b
k
)
for some a, b ∈ k×)
which splits only in one infinite place ν1. Every algebra D satisfying above conditions will be
called admissible. To shorten the formulas we will write d = r1 + r2. We introduce two isogeneous
algebraic groups
D1 = {x ∈ D | n(x) = 1} and PD× = D×/ZD×
where ZD× stands for the center of D×. We have
D1(k ⊗Q R) ' SL(2,K)× SO(3,R)d−1 = G× SO(3,R)d−1
PD×(k ⊗Q R) ' PGL(2,K)× PO(3,R)d−1
The classical procedure for constructing an arithmetic lattice in G is to take an order O in D
and project O1 to G. The resulting subgroup, which we denote by ΓO1 is an arithmetic lattice.
Changing the order O gives a commensurable lattice so every admissible algebra D gives a well
defined commensurability class, for which we will write C(D).
Definition 4.1. A lattice Γ of G is an irreducible arithmetic lattice if it is, up to automorphisms
of G, commensurable with ΓO1 for certain admissible D.
The assignment D 7→ C(D) is a bijection between the set of admissible quaternion algebras and
the commensurability classes of arithmetic lattices of G.
4.2. Maximal lattices. It has been observed by Borel, that even if we take O to be a maximal
order in D the resulting lattice ΓO1 is not maximal in the set-theoretic sense. Instead we have
to look for maximal lattices among the normalizers of ΓO1 ’s. Alternatively we may construct
the maximal lattices using a projection from PD× rather that D1. 11 Write PG for the group
PGL(2,K) and pi for the projection pi : G→ PG. A lattice Γ in G is maximal if and only if pi−1(Γ)
11The reason why most sources start with a construction using D1 is that this algebraic group is simply connected
so it satisfies the Strong Approximation Property which makes it easier to work with.
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is maximal in PG. Similarly Γ is arithmetic if and only if pi−1(Γ) is. Thus, we may study the
problem for PG. Instead of working with orders it will be more instructive to switch to the adelic
setting. We have
PD×(A) ' PG× PO(3, R)d−1 × PD×(Af )
The group PD×(k) is embedded diagonally in PD×(A) as a lattice. For any open compact subgroup
U of PD×(Af ) we put ΓU = PD×(k) ∩ PD×(A∞)U and by abuse of notation we write the same
for the projection of ΓU to PG. Then ΓU is an arithmetic lattice in PG and all arithmetic lattices
are commensurable with ones constructed in this fashion.
Definition 4.2. A lattice Γ of PGL(2,K) is called arithmetic if it is commensurable with ΓU for
some choice of U .
Let Γ be a maximal arithmetic irreducible lattice in PG. We argue that Γ is of form ΓU for some
maximal open compact subgroup U of PD×(A∞f ). Pick V open and compact, such that Γ ∩ ΓV
has finite index in Γ and ΓV , we can do this by the arithmeticity of Γ. We claim that elements of
Γ have rational coefficients.
Lemma 4.3. If Γ and ΓV are commensurable, then Γ is contained in the projection of PD
×(k)
onto PG.
Proof. We identify PG with PD×(kν1). The lattice ΓV by construction lies in PD
×(k). We want
to show that the same holds for Γ. Let γ ∈ Γ and let Λ := γ−1ΓV γ ∩ ΓV . The group Λ has a
finite index in Γ so it is a lattice in PG. By Borel’s density theorem Λ is a Zariski dense subset of
PD×(kν1) contained in PD
×(k). The map x 7→ γxγ−1 is an automorphism of PD×(kν1) defined
over kν1 which maps Λ into a subset of ΓV . In particular it maps a Zariski dense subset of points
defined over k to points defined over k, which by [67, Proposition 3.1.10] implies that x 7→ γxγ−1
is defined over k. As PD× is an adjoint group we deduce that γ ∈ PD×(k). 
Once we know that Γ is contained in PD×(k) we can see it as a subset of PD×(A). Γ and ΓV
were commensurable so for every finite place p ∈ Mfk the p-adic closure of Γ denoted Γp is an
open compact subgroup of DP×(kp). Hence for any p we can find an open compact subset Up of
DP×(kp) such that Γ ⊂ PD×(k) ∩ PD×(A∞)
∏
p∈Mfk Up. By maximality of Γ the last inclusion
has to be an equality. We obtain the following:
Proposition 4.4. Let Γ be a maximal arithmetic lattice in SL(2,K) lying in the commensurability
class C(D). Then there exists a maximal open compact subgroup U of PD×(Af ) such that Γ =
pi−1(ΓU ).
4.3. Packets of maximal lattices. For this section we assume familiarity with the theory of
Bruhat-Tits trees of SL(2, F ) where F is a non-archimedean local field. For necessary background
see [57, Chapter 5.2.1]. We shall write X(SL(2, F )) for the tree associated to SL(2, F ). Recall that
the adjoint group PGL(2, F ) also acts on X(SL(2, F )). This action is transitive on the vertices
and on the edges. In order to use Proposition 4.4 we have to describe the set of maximal open
compact subgroups of PD×(Af ). Such a group U can always be written as a product
U =
∏
p∈Mfk
Up,
where Up is a maximal compact subgroup of PD
×(kp) and for almost all places Up = PGL(2,Okp).
If D is ramified at p then PD×(kp) is compact so Up = PD×(kp). If that is not the case then
PD×(kp) ' PGL(2, kp) and by Tits fixed point theorem and maximality, Up is either a stabilizer
of a vertex or of an edge. The set S of places where Up is a stabilizer of an edge determines the
PD×(A) conjugacy class of U . Indeed, if Up is the stabiliser of a vertex or edge v then g−1Upg is the
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stabilizer of vg. The action of PD×(kp) is transitive both on vertices and on edges of X(SL(2, kp))
so all stabilizers of vertices are conjugate and likewise all stabilizers of edges are conjugate.
Definition 4.5. Let S be a finite subset of Mfk \ Ramf (D). We write C(D,S) for the set of
conjugacy classes of arithmetic lattices ΓU with U maximal open compact subgroup of PD
×(Af )
given by
U =
∏
p∈Mfk
Up
where Up stabilizes an edge of X(SL(2, kp)) if and only if p ∈ S and Up = PD×(kp) for p ∈ RamfD.
The set C(D,S) will be called a packet of arithmetic lattices.
Even though all subgroups U satisfying the conditions imposed in the definition are conjugate
in PD×(A) the resulting lattices ΓU need not be conjugate in PGL(2,K). That is why a packet
may contain multiple conjugacy classes. We also point out that depending on the choice of S, a
packet may consist of non-maximal lattices.
We shall parametrize the conjugacy classes inside C(D,S) using certain class group. The result
is similar to the classification of maximal orders in a quaternion algebra from [57, Chapter 6.7].
Recall that subscript D means that we take only elements positive on all archimedean places of
k where D is ramified. Recall that kD = n(D), AD = n(D(A)) and kF =
∏
ν∈F kν for any finite
subset F of Mk. We will write A∞,D for n(D(A∞)).
Definition 4.6. For any finite subset S ⊂Mfk \Ramf (D) we define the class group cl S(D) = cl S
(we omit D when it is clear from the context) by
cl S := PD
×(k)\PD×(A)/PD×(A∞)U ' A×D/k×DA×∞,D(kS∪Ram
f (D))×.
The second isomorphism is induced by the norm map. We explain where it comes from in the proof
of Proposition 4.8.
Remark 4.7. The class group cl S is a quotient of the narrow class group cl
+(k) of exponent 2.
Proposition 4.8. There is a surjective map from the group cl S to the set C(D,S). In particular
the packets are finite.
For the proof we will need:
Lemma 4.9. Lattices ΓU and ΓV are conjugate in PGL(2,K) if and only if they are conjugate in
PD×(k).
Proof. Like in the proof of 4.3 any automorphism mapping ΓU into ΓV has to be defined over k.
Thus, every g such that gΓUg
−1 = ΓV lies in PD×(k). 
By abuse of notation we shall also denote by n the map n : PD×(A) → A×/(A×)2 induced by
the norm map.
Lemma 4.10. Let Up be a maximal open compact subgroup of PD
×(kp). All matrices written
below are to be understood as their image in the projective group.
• If D splits over kp and Up stabilizes a vertex of X(SL(2, kp)) then, up to conjugacy Up =
PGL(2,Okp). We have n(Upkp×) = O×kp(k×p )2.
• If D splits over kp and Up stabilizes an edge then, up to conjugacy
Up =
〈(
O×kp Okp
p O×kp
)
,
(
0 pi
1 0
)〉
,
where pi is the uniformizer of kp. We have n(Upkp
×) = k×p .
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• If p ∈ Ramf (D) then Up = PD×(kp). Let E be the unique unramified quadratic extension
of kp. Then we can represent Up as
Up =
{(
x y
piyσ x
)
| x, y ∈ E
}
,
where σ is the unique non-trivial element of Gal(E/kp). We have n(Upkp
×) = k×p .
The proof follows from the description of maximal compact subgroups as stabilizers of a point
or an edge in the Bruhat-Tits tree. To see the last part note that NE/kp is surjective ( [39]).
Theorem 4.11 (Strong Approximation Property, [52, 7.1]). The group D1(k) is dense in D1(Af ).
Proposition 4.12 ( [57, Theorem 7.41]). The image of the norm map k×D := n(D
×(k)) is equal
to {x ∈ k× | (x)ν > 0 for all ν ∈ Ram∞(D)}.
Proof of Proposition 4.8. By Lemma 4.9 we can look at PD×(k) conjugacy classes of lattices in
C(D,S). Fix a maximal open compact subgroup U of PD×(Af ) stabilizing edges only for p ∈ S.
We start with the parametrization of PD×(k)-conjugacy classes of subgroups U ′ conjugate to U
under PD×(A), for simplicity we refer to this set as C1(D,S). By maximality, U is equal to its
normalizer in PD×(Af ). Hence
C1(D,S) ' PD×(k)\PD×(A)/PD×(A∞)U ' D×(k)\D×(A)/D×(A∞)A×f U. (4.1)
Put U1 = {x ∈ (Af )×U | n(x) = 1}. By Strong Approximation
D1(k)\D1(A)/D1(A∞)U1 = 1.
Hence, the map from (4.1) induced by the norm
n : D×(k)\D×(A)/D×(A∞)A×f U → k×D\A×D/(A∞,D)×(A×)2n(A×f U)
is an isomorphism. By Lemma 4.10
n(A×f U) =
∏
p∈Mfk \S
(k×p )
2O×kp ×
∏
p∈S∪Ramf (D)
k×p .
Hence,
C1(D,S) ' k×D\A×/(A∞)×(A×)2n((Af )×U) ' A×D/k×DAS∪Ram
f (D)
D (A
×)2 = cl S . (4.2)
If two groups U,U ′ are conjugate under PD×(k) then the lattices ΓU and ΓU ′ are also conjugate
under PD×(k). This gives us a well defined surjective map from cl S ' C1(D,S)→ C(D,S). 
4.4. Trace formula for maximal lattices. Recall that the geometric side of the Selberg Trace
formula yields that for any cocompact lattice Γ ⊂ G and any function f ∈ Cc(G) we have
trRΓf =
∑
[γ]Γ
Vol(Γγ\Gγ)
∫
G/Gγ
f(x−1γx)dx,
where RΓ is the right translation on L
2(Γ\G) In this section we develop an adelic version of
the trace formula for maximal lattices which allows to express the geometric side as a sum over
rational conjugacy classes in PD×(k). In the next section we generalize this procedure to arbitrary
congruence lattices. Throughout the following sections we assume that D is not split so
there will be no continuous spectrum.
Let S be a finite subset of Mfk \Ramf (D). We fix U a maximal compact subgroup of PD×(Af )
stabilizing an edge for p ∈ S. We fix the standard Haar measure (see Section 2.4) µA on PD×(A)
given by
µA = µν1 × . . . µνd × µAf (4.3)
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Recall that the standard measure µAf depends on the choice of U . Where µν1 is the volume on
PGL(2,K), µνi is the normalized Haar measure on PO(3,R) for d ≥ i > 1 and µAf is a Haar mea-
sure on PD×(Af ) normalized so that µAf (U) = 1. We writeR : PD
×(A)→ U(L2(PD×(k)\PD×(A)))
for the right translation (R(g)φ)(x) = φ(xg).
For any f ∈ Cc(PGL(2,K)) we define fA ∈ Cc(PD×(A)) as fA = fA∞ ⊗ fAf where
fA∞ = f ⊗
d⊗
i=2
1PO(3,R)
fAf = 1U
Using fA we can relate the traces of RΓU f and RfA. The following lemma illustrates this principle.
Lemma 4.13. Let 1 = c1, c2, . . . , ck be representatives of cl S in PD
×(Af ) and put Ui = ciUc−1i .
With fA and measure µA defined as above, we have
∑k
i=1 trRΓUi f = trRfA.
Proof. To shorten notation, write U˜ for
∏d
i=2 PD
×(kνi) × U . Observe that the image of RfA lies
in the U˜ -fixed vectors of L2(PD×(k)\PD×(A)), so trRfA = trRfA |L2(PD×(k)\PD×(A))U˜ . We have
a PD×(kν1)-equivariant isometry
L2(PD×(k)\PD×(A))U˜ ' L2(PD×(k)\PD×(A)/U˜).
By repeating the arguments from the proof of 4.8 we get a PD×(kν1)-equivariant bijection
PD×(k)\PD×(A)/U˜ '
k⊔
i=1
ΓUi\PD×(kν1),
so
L2(PD×(k)\PD×(A)/U˜) '
k⊕
i=1
L2(ΓUi\PD×(kν1))
as unitary representations of PGL(2, kν1). Thus trRfA =
∑k
i=1 trRΓUi f . 
As a first step to isolate the trace trRΓU f we shall consider a family of modified operators on
L2(PD×(k)\PD×(A)).
Definition 4.14. Let χ : PD×(A)→ C1 be a smooth character vanishing on PD×(k). For any con-
tinuous, compactly supported f ∈ Cc(PD×(A)) we define an operator Rχf : L2(PD×(k)\PD×(A))→
L2(PD×(k)\PD×(A)) by
(Rχf(φ))(x) = (Rf(φ))(x)χ(x).
Proposition 4.15.
trRχf =
∑
[γ]PD×(k)
χ|
PD
×
γ (A)
=1
Vol(PD×γ (k)\PD×γ (A))
∫
PD×γ (A)\PD×(A)
χ(x)f(x−1γx)dx
Proof. We have
(Rχf(φ))(x) = χ(x)
∫
PD×(A)
f(y)φ(xy)dy
= χ(x)
∫
PD×(A)
f(x−1y)φ(y)dy
=
∫
PD×(k)\PD×(A)
 ∑
γ∈PD×(k)
χ(x)f(x−1γy)
φ(y)dy
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So the operator (Rχf(φ)) is given by the kernel Kχ(x, y) =
∑
γ∈PD×(k) χ(x)f(x
−1γy). The algebra
D is not split so the quotient PD×(k)\PD×(A) is compact. For a compact quotient, the kernel is
integrable on the diagonal and we have
trRχf =
∫
PD×(k)\PD×(A)
Kχ(x, x)dx
=
∑
γ∈PD×(k)
∫
PD×(k)\PD×(A)
χ(x)f(x−1γx)dx
=
∑
[γ]PD×(k)
∫
PD×γ (k)\PD×(A)
χ(x)f(x−1γx)dx
=
∑
[γ]PD×(k)
∫
PD×γ (A)\PD×(A)
∫
PD×γ (k)\PD×γ (A)
χ(zx)f(x−1γx)dzdx
=
∑
[γ]PD×(k)
χ|
PD
×
γ (A)
=1
Vol(PD×γ (k)\PD×γ (A))
∫
PD×γ (A)\PD×(A)
χ(x)f(x−1γx)dx.

Lemma 4.16. Let 1 = c1, c2, . . . , ck be representatives of cl S chosen from PD
×(Af ) and put
Ui = ciUc
−1
i . Let χ be a smooth character of PD
×(A) that factors through cl S or equivalently,
vanishes on PD×(A∞)U and PD×(k). We have trRχfA =
∑k
i=1 χ(ci)trRΓUi f
Proof. As in the proof of the Lemma 4.13 we will exploit the fact that the image Rχf lies in the
subspace of U˜ -fixed vectors (for the definition of U˜ see the proof of Lemma 4.13), so by recalling
the proof of Lemma 4.13 we get
PD×(A) =
k⊔
i=1
PD×(k)ciU˜PD×(kν1). (4.4)
Hence
L2(PD×(k)\PD×(A))U˜ '
k⊕
i=1
L2(ΓUi\PD×(kν1))
Using Equation (4.4) we get under that the last isomorphism the character χ is given by
χ =
k∑
i=1
χ(ci)1ΓUi\PD×(kν1 ).
It follows that
trRχfA =
k∑
i=1
χ(ci)trRΓUi f.

Corollary 4.17.
trRΓUi f =
1
|cl S |
∑
χ∈ĉl S
χ(ci)trR
χfA
Proof. By Lemma 4.16, for any character χ of cl S we have
trRχfA =
k∑
i=1
χ(ci)trRΓUi f.
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Thus ∑
χ∈ĉl S
χ(ci)trR
χfA =
k∑
j=1
∑
χ∈ĉl S
χ(ci)χ(cj)trRΓUi f = |cl S |trRΓUi f.

Combining Corollary 4.17 and Proposition 4.15 we get:
Proposition 4.18. With U, f, fA as before, we have
trRΓUi f =
∑
[γ]PD×(k)
Vol(PD×γ (k)\PD×γ (A))Ξγ(fA),
where, for h ∈ Cc(PD×(A))
Ξγ(h) :=
1
|cl S |
∑
χ∈ĉl S
χ|
PD
×
γ (A)
=1
∫
PD×γ (A)\PD×(A)
χ(x)h(x−1γx)dx.
Proof. By Corollary 4.17 and Proposition 4.15 we get
trRΓUi f =
1
|cl S |
∑
χ∈ĉl S
trRχfA (4.5)
=
∑
[γ]PD×(k)
Vol(PD×γ (k)\PD×γ (A)) (4.6)
1
|cl S |
∑
χ∈ĉl S
χ|
PD
×
γ (A)
=1
∫
PD×γ (A)\PD×(A)
χ(x)fA(x
−1γx)dx (4.7)
=
∑
[γ]PD×(k)
Vol(PD×γ (k)\PD×γ (A))Ξγ(f) (4.8)

4.5. Trace formula for congruence lattices. The reasoning will be very close to one we con-
ducted for maximal lattices. We decided to split this into two parts to avoid an overload of
technicalities. We keep the notation from previous sections, in particular D is still an admissible
quaternion algebra defined over a number field k. Any congruence lattice in the commensurability
class C(D) defined by D is of the from Γ = ΓV for some open compact subgroup V ⊂ PD×(Af ).
From now on we fix such V and we fix a maximal open compact U containing V . We use U to
define a measure µA on PD
×(A) the same way we did in Equation (4.3). Let f ∈ Cc(PGL(2,K)),
we define
fVA = fA∞ ⊗ fVAf ,
where
fA∞ =f ⊗ 1PD×(kν2 ) ⊗ . . .⊗ 1PD×(kνd ) (4.9)
fVAf =[U : V ]1V (4.10)
Definition 4.19. We define the class group cl (D,V ) = cl (V ) (we omit D when it is clear from
the context) as the quotient PD×(k)\PD×(Af )/V .
With this notation, for U maximal we have cl (U) = cl S where S is the set of places where Up
fixes an edge of the Bruhat-Tits tree.
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Lemma 4.20. The norm map induces an isomorphism
cl (V ) ' A×D/k×Dn(A×V ) ' A×f /k×Dn(A×f V ).
In particular cl (V ) is finite and has an abelian group structure. 12
Proof. Let V 1 denote the preimage of V in D1(Af ). By the Strong Approximation Theorem (Thm.
4.11) the product D1(k)V 1 equals D1(Af ). Thus the map induced by the norm
n : PD×(k)\PD(Af )/V → k×D\A×D/n(V A×) (4.11)
is an isomorphism. The second isomorphism is a consequence of the Weak Approximation Property
for the multiplicative group Gm (see [52, Chapter 7]). 
The last Lemma allows us to identify the characters of A×f /k
×
D(A
×
f )
2n(V ) with the characters
of PD×(A) vanishing on V and PD×(k). Repeating the exact same argument as in the proof of
Proposition 4.15 we get
Theorem 4.21. Let D be an admissible quaternion division algebra over k and let V be an open
compact subset of PD×(Af ). For any continuous, compactly supported function f on SL(2,K) we
have
trRΓV f =
∑
[γ]PD×(k)
Vol(PD×γ (k)\PD×γ (A))ΞVγ (fA), (4.12)
Where, for h ∈ Cc(PD×(A))
ΞVγ (h) :=
1
|cl (V )|
∑
χ∈ĉl (V )
χ|
PD
×
γ (A)
=1
∫
PD×γ (A)\PD×(A)
χ(x)h(x−1γx)dx. (4.13)
As a corollary we get the formula for the volume
Corollary 4.22.
Vol(ΓV \PGL(2,K)) = Vol(PD
×(k)\PD×(A))[U : V ]
|cl (V )| (4.14)
Proof. Take a sequence (fi) of functions with support contained in smaller and smaller balls around
1 and with fi(1) = 1. By the usual Selberg trace formula limi→∞ trRΓV fi = Vol(ΓV \PGL(2,K)).
On the other hand by Theorem 4.21 we have
lim
i→∞
trRΓV fi =
Vol(PD×(k)\PD×(A))[U : V ]
|cl (V )| . (4.15)

Lemma 4.23. With D,V as before and γ ∈ PD×(k), γ 6= 1 there are at most two characters
χ ∈ ĉl (V ) which vanish on PD×γ (A).
Proof. Let χ ∈ ĉl (V ) be a character vanishing on PD×γ (A). By Lemma 4.20 we can write χ(g) =
θ(n(g)) where θ is a character of A×D vanishing on k
×
D and n(A×V ). Let l be the quadratic extension
of k generated by the eigenvalues of γ. The image of D×γ (A) via the norm map equals Nl/k(A
×
l ).
Hence, θ factors through
A×D/k
×
Dn(A
×V )Nl/k(A×l ).
12Note, that while n(V ) alone is not well defined because it is a subset of PD×(Af ) not D×(Af ) the product
(A×f )
2n(V ) = n(A×f V ) is.
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By the weak approximation theorem for the multiplicative group we have A× = k×AD and hence
A×D/k
×
D ' A×/k×. The last quotient can be rewritten as
A×/k×n(A×V )Nl/k(A×l ).
We claim that this is a group of order at most two. To do this we use Class Field Theory. By
the Reciprocity Law [47, Theorem 5.3] there exists a homomorphism (Artin map) φk : A× →
Gal(kab/k) satisfying the following properties
• φ(k×) = 1
• for every abelian extension l/k map φk defines an isomorphism
φl/k : A×/k×Nl/k(A×l )→ Gal(l/k).
In particular, if l/k is a quadratic extension then |A×/k×Nl/k(A×l )| = 2. 
Remark 4.24. An alternative way to finish the proof is to use the Second Inequality of the Class
Field Theory [47, Theorem 5.1.a] which states that |A×/k×Nl/k(Al)| divides [l : k] for any finite
Galois extension l/k. In particular, this part of the proof should generalize to the other semisimple
Lie groups without greater difficulty.
Corollary 4.25. For any h ∈ Cc(PD×(A)) we have
|ΞVγ (h)| ≤
2
|cl (V )| |Oγ(|h|)|.
In particular
|Vol(ΓV \PGL(2,K))f(1)− trRΓV f | ≤
2
|cl (V )|
∑
[γ]PD×(k)
γ 6=1
Vol(PD×γ (k)\PD×γ (A))Oγ(|f |A), (4.16)
4.6. Normalization. The maximal arithmetic lattices of SL(2,K) or PGL(2,K) admit a fairly
explicit description (cf. Proposition 4.4). Therefore proving a limit multiplicity property (or prop-
erty B-S) for sequences of maximal lattices is a priori much easier than doing it in full generality.
In this section we develop methods to prove the strong version of Conjecture 1.5 for arbitrary
congruence lattices, not necessarily maximal. The idea is to replace the characteristic function 1V
in the definition of fAf by a function invariant by conjugation by some maximal compact subgroup
U containing V and then express it as a combination of finite dimensional characters of U .
Let us fix an admissible quaternion algebra D, an open compact subgroup V of PD×(A∞f )
and a maximal open compact subgroup U containing V . Recall that we write IrrG for the set
of irreducible complex representations of a group G, and whenever ρ is such a representation we
write χρ for its character and Wρ for the vector space on which G acts. If G is a group acting on
a space W we write WG for the set of fixed points. For f ∈ Cc(PGL(2,K)) let fA = fVA , fA∞ and
fVAf be defined by Equations (4.9).
Lemma 4.26. Let γ ∈ PD×(k)
|ΞVγ (fA)| ≤
2|Oγ(fA∞)|
|cl (V )|
∑
ρ∈Irr(U)
dimWVρ |Oγ(χρ)| (4.17)
Proof. By corollary 4.25 we have
|ΞVγ (fA)| ≤
2|Oγ(fA)|
|cl (V )| (4.18)
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Let f˜Af :=
∫
U
fAf (u
−1xu)du. Then
Oγ(fA∞)Oγ(f˜Af ) =Oγ(fA∞)
∫
U
∫
PD×γ (Af )\PD×(Af )
f((ux)−1γxu)dudx (4.19)
=Oγ(fA∞)Oγ(fAf ) (4.20)
=Oγ(fA) (4.21)
On the other hand
f˜Af =
∫
U
[U : V ]1uV u−1du =
∑
u∈U/V
1uV u−1 = χInd UV 1. (4.22)
By the Frobenius reciprocity 〈Ind UV 1, ρ〉U = dimWVρ so
χInd UV 1 =
∑
ρ∈IrrU
dimWVρ χρ. (4.23)
Hence
|ΞVγ (fA)| ≤
2|Oγ(fA)|
|cl (V )| (4.24)
≤2|Oγ(fA∞)||cl (V )| |Oγ(fAUf )| (4.25)
≤2|Oγ(fA∞)||cl (V )|
∑
χ∈Irr(U)
dimWVρ |Oγ(χρ)|. (4.26)

Section 6 will be devoted to estimates of orbital integrals appearing on the right hand side of
Lemma 4.26. We will aim at an estimate of the form |Oγ(χρ)| ≤ Cχ1−δρ where δ > 0 and C is a
constant depending on the lattice in an explicit way (see Propositions 6.14 and 6.15).
5. Short geodesics and equidistribution
5.1. Bilu equidistribution theorem. Recall that the logarithmic Mahler measure of an
algebraic number α is given by m(α) =
∑
ν∈MQ(α) log
+ |α|ν , where log+ t = max{log t, 0} for t > 0.
We shall use the following result due to Bilu [12]
Theorem 5.1. Let (αn) be a sequence of algebraic integers such that
m(αn)
[Q(αn):Q] tends to 0 as n
goes to infinity, where m(αn) is the logarithmic Mahler measure. Define the sequence of probability
measures
µn :=
1
[Q[αn] : Q]
∑
σ∈Hom(Q(αn),C)
δ(αn)σ .
Then for any bounded continuous function f : C→ C we have
lim
n→∞
∫
fdµn =
1
2pi
∫ 2pi
0
f(eiθ)dθ.
The following corollary is crucial to estimate the orbital integrals in the non torsion case (see
Section 6).
Corollary 5.2. Let (αn) be a sequence of algebraic integers with bounded logarithmic Mahler
measure and degree tending to infinity. Then
|NQ(αn)/Q(1− αn)|  eo([Q(αn):Q]).
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Proof. Let µn be probability measures defined as in Theorem 5.1. Then
1
[Q(αn) : Q]
log |NQ(αn)/Q(1− αn)| =
∫
log |1− x|dµn
Pick A > 0 big. We have
lim
n→∞
∫
log |1− x|dµn ≤ lim
n→∞
∫
max{−A, log |1− x|}dµn
We assume that the logarithmic Mahler measure of αn is uniformly bounded so the support of µn
lies in a fixed compact set. Hence, the function on the right hand side is uniformly bounded on
the support of all µn’s. By Bilu’s equidistribution theorem, the limit on the right hand side equals
1
2pi
∫ 2pi
0
max{−A, log |1− eiθ|}dθ.
By Lebesgue dominated convergence we have
lim
A→∞
1
2pi
∫ 2pi
0
max{−A, log |1− eiθ|}dθ = 1
2pi
∫ 2pi
0
log |1− eiθ|dθ.
Pick the branch of complex logarithm that is defined on C \ (−∞, 0]. Let C be the contour of the
unit circle. For any τ > 0 we have∫ 2pi
0
log |1 + τ − eiθ|dθ = Im
∫
C
log(1 + τ − z)dz
z
= 0,
taking τ → 0 we get ∫ 2pi
0
log |1− eiθ|dθ = 0.
It follows that
lim
n→∞
1
[Q(αn) : Q]
log |NQ(αn)/Q(1− αn)| = 0
which ends the proof. 
We shall show that
Lemma 5.3. Let Γ be an arithmetic lattice in PGL(2,K) (K = R,C) with trace field k. Let γ ∈ Γ
non-torsion and m(γ) ≤ M . Recall that we define m(γ) as m(λ1) = m(λ2) where λ1, λ2 are the
non-trivial eigenvalues of Ad γ . Then
|Nk/Q(∆(γ))|  eoM ([k:Q]).
∆(γ) was defined in Section 2.2.
Proof. Note that λ1λ2 = 1. Let L = k(λi). Then
|Nk/Q(∆(γ))|[L:k] =
2∏
i=1
|NL/Q(1− λi)| = eo([L:Q]) = eo([k:Q]).
The inequalities follow from Corollary 5.2 and the fact that Q(λi) = k(λi) by Lemma 6.9. 
Theorem 5.4. Let (αi) be a sequence of algebraic integers such that
m(αi)
[Q(αi):Q] → 0 and [Q(αi) :
Q]→∞ as i tends to infinity.
(1) Let ki = Q(αi) and piki be the prime counting function for the field ki i.e.
piki(x) = #{p prime ideal of Oki | N(p) ≤ x}.
Then, for any x > 0 we have
lim
i→∞
piki(x)
[ki : Q]
= 0.
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(2) Let N ≥ 1 be a natural number and for each i ∈ N let ki be a subfield of Q(αi) with
[Q(αi) : ki] ≤ N . Then, for any x > 0 we have
lim
i→∞
piki(x)
[ki : Q]
= 0.
Proof. We start with the proof of (1). Since for a fixed x we have only finitely many rational
primes p less than x the theorem is equivalent to the following statement. For every rational prime
p, let np,i(x) be the number of prime ideals p of Oki lying above p with N(p) ≤ x. Then
lim
i→∞
np,i(x)
[ki : Q]
= 0.
Let L be the largest natural number such that pL ≤ x. For every prime ideal p of Oki with p | p
and N(p) ≤ x we have αpL!i − αi ∈ p. Hence∏
p|p
N(p)≤x
p | αpL!i − αi, (5.1)
so
pnp,i(x) ≤ N(αpL!i − αi) = N(αi)N(αp
L!−1
i − 1) ≤ eo([ki:Q]). (5.2)
The last inequality is a consequence of Corollary 5.2.
To deduce (2) observe that piki(x) ≤ piQ(αi)(x[Q(αi):ki]) ≤ piQ(αi)(xN ) so
lim
i→∞
piki(x)
[ki : Q]
≤ N lim
i→∞
piQ(αi)(x
N )
[Q(αi) : Q]
= 0. (5.3)

As a simple corollary of Theorem 5.4 we get
Corollary 5.5. Let N be a natural number, let αi be a sequence of algebraic integers such that
m(αi)
[Q(αi):Q] → 0 as i tends to infinity. For every i ∈ N let ki be a subfield of Q(αi) such that
[Q(αi) : ki] ≤ N . Then for every σ > 1 and Re(s) ≥ σ we have |ζki(s)| = exp(oσ([ki : Q])).
Proof. Since |ζki(Re(s))| ≥ |ζki(s)| we may assume that s is real. For M > 0 define
AM (s) =
∑
pm–prime power
pm≥M
∞∑
n=1
n−1
pmns
,
where the sum is taken over powers of rational primes. For s ≥ σ > 1 we have
log ζki(s) =
∑
p∈Mfki
∞∑
n=1
n−1
N(p)ns
≤
∑
p∈Mfki
N(p)≤M
∞∑
n=1
n−1
N(p)ns
+ [k : Q]AM (s). (5.4)
By Theorem 5.4
lim
i→∞
| log ζki(s)|
[ki : Q]
≤ AM (s).
But for Res > 1 limM→∞AM (s) = 0. The rate of convergence of AM (s) to 0 depends on σ, so we
get that log ζki(s) = oσ([k : Q]). 
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6. Orbital integrals
In this section we give upper bounds for the orbital integrals. We start with the local consid-
erations. For non-archimedean places we consider the integrals of the form Oγ(χρ) where ρ is an
irreducible representation of a maximal compact open subgroup U of PD×(Af ) and D is an ad-
missible division algebra. For archimedean places we estimate Oγ(fA∞) where fA∞ has uniformly
bounded support.
6.1. Values of irreducible characters at regular elements. Let G be a simple group of type
A1 defined over kp. Let U be a maximal compact subgroup of G(kp). In this section we give an
upper bound on the values of irreducible characters of U on the regular elements of U . The main
result of this section is
Theorem 6.1. Let χ be a character of an irreducible representation of U . Then for all γ ∈ U
regular we have
|χ(γ)| ≤ 8|∆(γ)|−1p .
If γ is torsion of order 2, 3 or 4 the constant 8 can be improved to 4, 8
√
3/3 and 4
√
2 respectively.
Following Serre13 [63, Formule (21)] we shall use the Weyl integration formula. We choose
a Haar measure dg on G(kp) and for any torus T we choose compatible measures dx, dt on
G(kp)/T (kp), T (kp) respectively. For a torus T defined over kp put W (T ) = N(T (kp))/T (kp).
For any continuous compactly supported function φ on G(kp) we have∫
φ(g)dg =
∑
[T ]G(kp)⊂G
1
|W (T )|
∫
G(kp)/T (kp)
∫
T (kp)
|∆(t)|pφ(xtx−1)dt dx (6.1)
Where the sum is taken over the set of G(kp)-conjugacy classes of maximal tori defined over kp.
We normalize dg so that the measure of U is 1 and dt so that the measure of the maximal compact
subgroup of T (kp) is 1. From it we can deduce a similar formula for U . A directed torus is a pair
(T, c) consisting of a torus and a Weyl chamber c ⊂ X∗(T )⊗R. The group G(kp) acts on the set of
directed tori by conjugation and the stabilizer of (T, c) is precisely T (kp). To distinguish directed
tori from the usual ones we will usually denote them by
−→
T . Note that the number of directed
conjugacy classes [
−→
T ]G(kp) is a single class [T ]G(p) equals
W (G)
W (T ) . From (6.1) we deduce∫
U
φ(g)dg =
1
|WG|
∑
[
−→
T ]G(kp)⊂G
∫
G(kp)/T (kp)
∫
T (kp)
|∆(t)|pφ(xtx−1)dt dx (6.2)
=
1
|WG|
∑
[
−→
T ]U⊂G
∫
U/(T (kp)∩U)
∫
T (kp)∩U
|∆(t)|pφ(utu−1)dt du (6.3)
To get the second equality we split the integral over a single G(kp)-conjugacy class of directed tori
into sum of integrals over U -conjugacy classes. For a class function on U this simplifies to∫
U
φ(g)dg =
1
|WG|
∑
[
−→
T ]U⊂G
1
µT (U ∩ T (kp))
∫
T (kp)∩U
|∆(t)|pφ(t)dt (6.4)
To simplify the notation, for any directed torus
−→
T we shall normalize the measure µT on T (kp) so
that µT (U ∩ T ) = 1. Now we are ready to start the proof of Theorem 6.1. The proof is inspired
by [42] where M. Larsen has proven an analogous result for finite groups of Lie type.
13The formula is stated there for central simple division algebras but the same statement holds for any reductive
algebraic group.
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Proof. Let χ be a character of an irreducible representation of U . By the formula (6.4) we get
1 =
∫
U
|χ(u)|2du = 1|WG|
∑
[
−→
T ]U∈G
∫
T (kp)∩U
|∆(γ)|p|χ(t)|2dt (6.5)
In particular
|WG| ≥
∫
T (kp)∩U
|∆(t)|p|χ(t)|2dt, (6.6)
for any directed torus
−→
T . Now take T such that γ ∈ T (kp). We can do so because γ is regular. We
shall approximate |∆(t)|p by an integral combination of characters of T (kp) ∩U . Write λ1, . . . , λr
for the positive roots of T . For any t ∈ T (kp) the Weyl discriminant is given by
∆(t) =
r∏
i=1
(1− λi(t))(1− λi(t)−1)
(cf. Notation). Note that the image of U ∩ T (kp) via any character of T (kp) has to be compact so
λi(U ∩ T (kp)) ⊂ O×kp for i = 1, . . . , r. For any i = 1, . . . , r we pick a character θi : O×kp → C× such
that θi(λi(γ)) 6= 1 but θi(λi(t)) = 1 for any t satisfying
|1− λi(t)|p < |1− λi(γ)|p. (6.7)
Define Θ : T (kp) ∩ U → C by
Θ =
r∏
i=1
(1− θi ◦ λi).
We can choose characters θi is such a way that |Θ(γ)| ≥ 1 and at least 2,
√
3,
√
2 if γ is 2, 3, 4
torsion respectively. Because of condition (6.7) Θ(t) = 0 for all t with |∆(t)|p < |∆(γ)|p. It follows
that |Θ(t)|2/|∆(t)|p ≤ |Θ(t)|2/|∆(γ)|p. We combine this inequality with (6.6) to get∫
T (kp)∩U
|Θ(t)|2|χ(t)|2dt ≤ sup
t∈T (kp)∩U
|Θ(t)|2|∆(γ)|−1p |WG|. (6.8)
The function Θ(t)χ(t) is an integral combination of characters of T (kp) ∩ U . We can write
Θ(t)χ(t) =
∑
ζ∈Π(T (kp)∩U)
cζζ(t) with cζ ∈ Z (6.9)
Function Θ can be trivially bounded from above by 2r where r is the number of positive roots.
The inequality (6.8) implies that
∑
ζ∈Π(T (kp)∩U) c
2
ζ ≤ 22r|∆(γ)|−1p |WG| so in particular
|χ(γ)| ≤ |Θ(γ)χ(γ)| =
∣∣∣∣∣∣
∑
ζ∈Π(T (kp)∩U)
cζζ(γ)
∣∣∣∣∣∣ ≤
∑
ζ∈Π(T (kp)∩U)
|cζ | ≤ 22r|∆(γ)|−1p |WG|. (6.10)
In case when G if of type A1 we have r = 1 and |WG| = 2 which ends the proof. 
Remark 6.2. Note that we use the assumption that G is of type A1 only in the last line of the
proof. In particular the bound (6.10) holds for every reductive group G over kp, any open compact
subgroup U of G(kp). The regularity assumption on γ is essential, otherwise ∆(γ) = 0.
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6.2. Estimates on the non-archimedean local orbital integrals. The aim of this section is
to estimate the local orbital integrals of the characteristic functions of maximal open compacts
subsets of PD×(kp) for p ∈ Mfk . Note that in the local case PD×(kp) is either anisotropic and
compact or isomorphic to PGL(2, kp) and we know the explicit description of the maximal compact
subgroups. In the anisotropic case
Oγ(1Up) =
∫
PD×γ (kp)\PD×(kp)
1dx = 1
so we are left to deal with the case PD×(kp) ' PGL(2, kp). We start by recalling the basic
properties of the Bruhat-Tits tree (for necessary background see [57, Chapter 5.2.1]). We write
X(SL(2, kp)) for the Bruhat-Tits tree of SL(2, kp). It is a regular q + 1-valent tree. We endow it
with the natural metric. The group PGL(2, kp) acts on X(SL(2, kp)) by graph automorphisms.
This action is transitive on vertices and on edges. Every maximal subgroup of PGL(2, kp) is a
stabilizer of a vertex or of an edge. By a geodesic on X(SL(2, kp)) we mean a path on X(SL(2, kp))
infinite in both directions. If T is a maximal split torus of PGL(2, kp) then T (kp) stabilizes a unique
geodesic on X(SL(2, kp)), we shall call it the apartment of T . The argument below follows the
exposition from [2, Chapter 5] (see also [41]). We shall write ν for the normalized additive p-adic
valuation on kp and νE for the unique extension ν to a finite field extension E/kp.
Lemma 6.3. Let γ be a regular element of PGL(2, kp) and let T be the connected component of
its centralizer. Let Fγ be the subset of X(SL(2, kp)) fixed by γ. If ∆(γ) 6∈ Okp then Fγ = ∅.
(1) If T is split over kp then Fγ is a strip of radius ν(∆(γ))/2 around the apartment of T .
(2) If T is split over an unramified quadratic extension E/kp then Fγ is a ball of radius
ν(∆(γ))/2 around a vertex of X(SL(2, kp)).
(3) If T is split by a tamely ramified quadratic extension E/kp then Fγ is a ball of radius
ν(∆(γ))/2 around the midpoint of an edge of X(SL(2, kp)).
(4) If T is split over a wildly ramified extension E/kp. Let σ be the generator of the Galois
group Gal(E/kp). Put w = min{νE(aσa − 1) | a ∈ E×} then Fγ is contained in a ball of
radius ν(∆(γ))/2− w/2 around the midpoint of an edge in X(SL(2, kp)).
Proof. By abuse of notation let us replace γ with its lift to GL(2, kp) so that we can write it down
as an explicit matrix. If ∆(γ) 6∈ Okp then the group generated by γ is not compact so it does not
stabilize any point of X(SL(2, kp)). From now on assume ∆(γ) ∈ Okp . We will write d for the
distance on tree, AT for the apartment of T and q for the cardinality of the residue field of kp.
(1) Split case Without loss of generality assume that T is the group of diagonal matrices and
that the entries of γ are in Okp . We can do it because ∆(γ) ∈ Okp . Fix a vertex v of
X(SL(2, kp)) stabilized by K = GL(2,Okp) and assume that gv is fixed by γ for certain
g ∈ GL(n, kp). Using the Iwasawa decomposition we write g as the product g = ank
where a ∈ T (k) n is upper triangular unipotent and k ∈ GL(2, kp). The vertex gv is
stabilized by γ if only if nv is. This is equivalent to saying that nγn−1 ∈ GL(2,Okp) or
γ−1nγn−1 ∈ GL(2,Okp).
if γ =
(
a 0
0 b
)
, n =
(
1 x
0 1
)
then γ−1nγn−1 =
(
1 x(1− ab )
0 1
)
. (6.11)
It follows that γ−1nγn−1 ∈ GL(2,Okp) if and only if ν(x) ≥ −ν(1 − ab ) = −ν(∆(γ))/2.
The set of vertices of form anv with a ∈ T (kp) and n =
(
1 x
0 1
)
subject to the condition
ν(x) ≥ −ν(1− ab ) = −ν(∆(γ))/2 forms a strip of radius ν(∆(γ))/2 around the apartment
of T which ends the proof.
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(2) Unramified case By [16, The´ore`me 5.1.25] there is a natural embedding ι : X(SL(2, kp))→
X(SL(2, E)) and an action of the Galois group on X(SL(2, E)) such that
X(SL(2, E))Gal(E/kp) = ι(X(SL(2, kp))).
Moreover ι is an isometry. The set of points in X(SL(2, E)) fixed under the action of γ is
a strip of radius ν(∆(γ))/2 around the apartment of T which we will call AT . To finish
the proof of this case it will be sufficient to show that AT intersects ι(X(SL(2, kp)) in a
single vertex v. Then, since ι(X(SL(2, kp)) is a totally geodesic subspace, its intersection
with this strip will be a ball around v of radius ν(∆(γ))/2.
T is defined over kp so the apartment AT is stable under Gal(E/kp). The torus T is not
split over kp so the Galois group acts non-trivially on AT . Thus the only possible action
is an orientation reversing isometry which has a unique fixed point x. Thus AGalT (E/kp) =
AT ∩ ι(X(SL(2, kp)) consists of a single point which has to be a vertex, because of the
geometry of a tree. This ends the proof in the unramified case.
(3) Tamely ramified case The argument is the same as in the unramified case except that
ι : X(SL(2, kp)) → X(SL(2, E)) is no longer an isometry. The image ι(X(SL(2, kp)) con-
tains vertices which are not images of a vertex. More precisely, the images of midpoints
of edges in X(SL(2, kp)) are vertices in X(SL(2, E)) and those are the only new vertices
in ι(X(SL(2, kp)). In particular d(ι(x), ι(y)) = 2d(x, y) for any two vertices x, y. By
the work of Prasad [53] for a tamely ramified extension E/kp we have ι(X(SL(2, kp))) =
X(SL(2, E))Gal(E/kp) so the argument from the unramified case, tells us that AGal(E:kp)T
consists of a single point which has to be a vertex v inside ι(X(SL(2, kp)). We argue that
it has to be an image of midpoint of an edge. Assume the contrary that v = ι(x). We know
that x has q + 1 adjacent edges. The extension is totally ramified so ι(x) also has q + 1
adjacent edges. It follows that all edges adjacent to ι(x) are Gal(E/kp) stable which would
mean that AT contains an edge fixed by Gal(E/kp). This contradicts what we already
know. It follows that Fγ is a ball of radius ν(∆(γ))/2 around a midpoint of an edge.
(4) Wildly ramified case We argue as in the tamely ramified case. The only difference is
that there exists w > 0 such that X(SL(2, E))Gal(E/kp) contains a tubular neighborhood of
radius w around ι(X(SL(2, kp)). As before AT has a unique fixed point fixed by Gal(E/kp)
and by uniqueness it has to coincide with the vertex of AT closest to ι(X(SL(2, kp)). We
write v for the unique fixed point of AT and v
′ for the vertex of ι(X(SL(2, kp)). As in the
tamely ramified case we can show that v′ is a midpoint of an edge and that d(v, v′) ≥ w.
It follows that Fγ is contained a ball of radius [ν(∆)−w]/2 around a midpoint of an edge.
It remains to compute w which we do in the Lemma 6.4.

Lemma 6.4. Let E be a wildly ramified quadratic extension of kp and w = min{νE(a− aσ) | a ∈
OE}. Let ι be the natural injection ι : X(SL(2, kp))→ X(SL(2, E)). Then
B(ι(X(SL(2, kp)), w) ⊂ X(SL(2, E))Gal(E/kp)
Proof. To prove the inclusion it is sufficient to show that for every apartment A in X(SL(2, kp)) the
tubular neighborhood B(ι(A), w) is pointwise fixed by Gal(E/kp). Since all apartments are in a
single SL(2, kp) orbit we may without loss of generality assume that A is the apartment associated
to the diagonal torus. In this case we have a vertex o ∈ A stabilized by PGL(2,Okp). We abuse
the notation and also write o for the image of o in X(SL(2, E)) via ι, this one is stabilized by
PGL(2,OE). All vertices of ι(A) are of form to where t =
(
a 0
0 1
)
and a ∈ E×. Write piE for the
uniformiser of E and pik for the uniformiser of kp. For any real number R and vertex v ∈ B(ι(A), R)
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there exists x ∈ E with vE(x) ≥ −R and n ∈ Z such that
v =
(
pinE 0
0 1
)(
1 x
0 1
)
o
Write σ for the generator of Gal(E/kp). Vertex o is Gal(E/kp) invariant so v ∈ X(SL(2, E))Gal(E:kp)
if and only if (
pi−nE 0
0 1
)(
1 −x
0 1
)(
(piσE)
n 0
0 1
)(
1 xσ
0 1
)
∈ PGL(2,OE) (6.12)(
(pi−1E pi
σ
E)
n (pi−1E pi
σ
E)
nxσ − x
0 1
)
∈ PGL(2,OE). (6.13)
As (pi−1E pi
σ
E) ∈ OE this is equivalent to (pi−1E piσE)nxσ−x ∈ OE . We have to check that νE((pi−1E piσE)nxσ−
x) ≥ 0.
νE((pi
−1
E pi
σ
E)
nxσ − x) = νE
(
(pinEx)
σ
pinEx
− 1
)
+ νE(x) (6.14)
≥ w + νE(pinx). (6.15)
Thus v is fixed by Gal(E/kp) as long as ν(x) ≥ −w. It follows that all vertices in the tubular
neighborhood B(ι(A), w) are fixed. Since X(SL(2, kp)) is the sum of its apartments we get that
B(ι(X(SL(2, kp)), w) is fixed by the Galois group.

Using 6.1 and 6.3 we can now give an upper bound on the orbital integrals of type Oγ(χ) where
γ is a regular element and χ is the character of an irreducible representation of a maximal compact
subgroup of PD×(kp).
Proposition 6.5. Let G be an adjoint group of type A1 defined over kp, let γ ∈ G(kp) be a regular
element and U be a maximal compact subgroup of G(kp). Put M = min{8|∆(γ)|−1p , χ(1)}. Let q
be the cardinality of the residue field of kp. Then for any irreducible character χ of U we have
|Oγ(χ)| ≤M
(
|∆(γ)|−1/2p + b
|∆(γ)|−1/2p
q − 1
)
,
where b = 0 if the centralizer of γ is split or |∆(γ)|p = 1 and b = 2 otherwise. If G is anisotropic
then we have
|Oγ(χ)| ≤M.
Moreover if γ is 2, 3, 4 torsion the constant 8 can be improved to 4, 8
√
3/3 and 4
√
2 respectively.
Proof. We start with the case G ' PGL(2, kp). We shall prove that
|Oγ(1U )| ≤ |∆(γ)|−1/2p + b
|∆(γ)|−1/2p
q − 1 . (6.16)
When dealing with orbital integrals we fix the standard Haar measure µG on G(kp) giving mass
1 to U and the standard Haar measure µGγ on Gγ(kp) giving mass 1 to the maximal compact
subgroup of Gγ(kp). The integration will be done against a measure on Gγ(kp)\G(kp) compatible
with those two. We have∫
Gγ(kp)\G(kp)
1U (x
−1γx)dx =
∑
g∈Gγ(kp)\G(kp)/U
1U (g
−1γg)
µGγ (Gγ(kp) ∩ gUg−1)
(6.17)
We shall give an interpretation of the right hand side in terms of action of γ on the Bruhat-
Tits tree X(SL(2, kp)). U is a maximal compact subgroup of G(kp) so it stabilizes a vertex or
an edge of X(SL(2, kp)). Note that 1U (g
−1γg) = 1 if and only if γgU = gU . If we let o be
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the vertex (edge) stabilized by U then 1U (g
−1γg) = 1 if and only if o is stabilized by γ. Write
T for the maximal compact subgroup of Gγ(kp). We have chosen µGγ so that µGγ (T ) = 1 so
µGγ (Gγ(kp) ∩ gUg−1)−1 = [T : Gγ(kp) ∩ gUg−1]. The group Gγ(kp) ∩ gUg−1 is the stabilizer of
go under the action of T so we have
µGγ (Gγ(kp) ∩ gUg−1) = #{Tgo}.
Thus the right hand side of 6.17 is the sum of sizes of orbits of T fixed by γ lying in pairwise
disjoint Gγ(kp) orbits. Let S be a T -invariant subset of vertices (edges) of X(SL(2, kp)) fixed by
γ such that
• every Gγ(kp) orbit fixed by γ has nonempty intersection with S;
• if x, y ∈ S are in the same Gγ(kp) orbit then they are in the same T -orbit.
We will refer to these conditions as to (∗). It is easy to see that the right hand side of 6.17 must be
equal to #S. It remains to construct such a set and compute its cardinality. In the case when Gγ
is anisotropic the group Gγ(kp) is compact so we have T = Gγ(kp) and we can take S to be the set
of vertices (edges) fixed by γ. let E be the quadratic extension of kp generated by the eigenvalues
of γ and let q be the cardinality of the residue field of kp. Lemma 6.3 implies that
• if E : kp is unramified then
#S = |∆(γ)|−1/2p + 2
|∆(γ)|−1/2p − 1
q − 1 (vertices), (6.18)
#S = |∆(γ)|−1/2p + 2
|∆(γ)|−1/2p − 1
q − 1 − 1 (edges). (6.19)
• if E/kp is ramified then
#S ≤ 2 |∆(γ)]|
−1/2 − q−1/2
q3/2 − q1/2 (vertices), (6.20)
#S ≤ 2 |∆(γ)]|
−1/2 − q−1/2
q3/2 − q1/2 − 1 (edges). (6.21)
(6.22)
with equalities if E/kp is tamely ramified.
In the case when Gγ is split the set of points fixed by γ is too big. In order to choose a subset
satisfying (∗) we proceed as follows. Let A be the apartment of X(SL(2, kp)) associated to Gγ .
Fix a vertex o ∈ A and an edge e ∈ A adjacent to o. Let S′ be the subset of vertices (edges) v
of X(SL(2, kp)) \ A fixed by γ such that the vertex of A closest to v is o. We let S = o ∪ S′ if U
fixes a vertex and S = {e} ∪ S′ if U stabilizes an edge. We verify that S satisfies (∗). Note that T
fixes A pointwise so by definition S is T invariant. Let u be any vertex (edge) stabilized by γ and
let w be the vertex of A closest to u. For any t ∈ Gγ(kp) the vertex tw is the point of A closest
to tu. The group Gγ(kp) acts transitively on the set of vertices of A so there exists a t0 ∈ Gγ(kp)
such that t0u ∈ S. This proves that every orbit of Gγ(kp) fixed by γ intersects S. It remains to
check that if two elements x, y of S are in the same Gγ orbit then they lie in the same T orbit. If
x = ty for some t ∈ Gγ(kp) then to = o, but the stabilizer of o is T so the condition (∗) holds. By
Lemma 6.3 we get
#S = |∆(γ)|−1/2p (vertices), (6.23)
#S = |∆(γ)|−1/2p (edges). (6.24)
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Combining the inequalities above we get inequality (6.16). Now we can invoke Theorem 6.1 to give
the estimate:
|Oγ(χ)| ≤ |Oγ(1Up)| max
γ′∈[γ]G(kp)
|χ(γ′)| ≤
(
|∆(γ)|−1/2p + b
|∆(γ)|−1/2p − 1
q − 1
)
Mγ . (6.25)
We recall that Mγ = min{8|∆(γ)|−1p , χ(1)}. If G is anisotropic over kp then U = G(kp) and we
trivially have Oγ(1U ) = 1 so by Theorem 6.1
|Oγ(χ)| ≤Mγ . (6.26)
If γ is 2, 3, 4 torsion the constant 8 can be improved to 4, 8
√
3/3 and 4
√
2 respectively. 
6.3. Archimedean Orbital Integrals. Let G = PGL(2,K) with K = R,C, let γ be a regular
semisimple element of G. For a compactly supported continuous function f of G we shall bound
|Oγ(f)| in terms of ‖f‖∞, |∆(γ)| and the size of the support of f . To speak about size we have to
choose a metric on G. We fix a norm on G given as follows. For g ∈ G we choose a representative
A ∈ GL(2,K)
A˜ =
(
a b
c d
)
(6.27)
with |detA| = 1. We define the Frobenius norm of g as ‖g‖2 = |a|2 + |b|2 + |c|2 + |d|2 = trA †A.
Let K be the maximal compact subgroup of G fixed by the conjugate transpose. As
†
k = k−1 for
any k ∈ K the norm ‖ · ‖ is bi-K invariant. We fix a metric d : G×G→ R+ by setting
d(g, h) = ‖g−1h‖.
Proposition 6.6. Fix R > 0. Let γ be a regular semisimple element of G such that Gγ splits over
K. For any continuous function f ∈ Cc(G) with suppf ⊂ B(1, R) we have
|Oγ(f)| R |∆(γ)|−1/2‖f‖∞. (6.28)
Proof. Put fK(g) :=
∫
K
f(k−1gk)dk, then Oγ(f) = Oγ(fK), ‖fK‖∞ ≤ ‖f‖∞ and suppfK ⊂
B(1, R) because the metric is bi-K invariant. Hence it is enough to show the theorem for functions
which are constant on the K-conjugacy classes. From now on assume that f is constant on K
conjugacy classes. Choose a measurable bounded function α on G such that
∫
Gγ
α(tg)dt = 1 for
all g ∈ G. Then
Oγ(f) =
∫
Gγ\G
f(x−1γx)dx =
∫
G
α(g)f(g−1γg)dg. (6.29)
Since Gγ is split, it is conjugate to the subgroup of diagonal matrices A. Since our problem is
conjugation invariant we may assume Gγ = A. We have Iwasawa decomposition G = ANK where
N is the group of unipotent upper triangular matrices. By [40, Theorem 2.5.1] for any integrable
h we have ∫
G
h(g)dg =
∫
A
∫
N
∫
K
h(ank)dadndk. (6.30)
Hence
Oγ(f) =
∫
A
∫
N
∫
K
α(ank)f(k−1n−1a−1γank)dadndk (6.31)
=
∫
A
∫
N
∫
K
α(ank)f(n−1γn)dadndk (6.32)
=
∫
N
f(n−1γn)dn (6.33)
=
∫
N
f(γ(γ−1n−1γn))dn. (6.34)
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The map φ : n 7→ γ−1n−1γn is a differentiable automorphism of N . If γ has a lift
(
a 0
0 b
)
then it
is easy to check that the Jacobian of φ is constant and equal to 1− ba . Thus
Oγ(f) =
∫
N
f(γ(γ−1n−1γn))dn =
∣∣∣∣1− ba
∣∣∣∣−1 ∫
N
f(γn)dnR
∣∣∣∣1− ba
∣∣∣∣−1 ‖f‖∞. (6.35)
The last inequality stems from the fact that the support of f is contained in a ball of radius R so
the rightmost integral can be bounded by
√
2R‖f‖∞. Elements γ and γ−1 are conjugate under
the Weyl group so Oγ(f) = Oγ−1(f). From this we deduce that
|Oγ(f)| R min
{∣∣∣∣1− ba
∣∣∣∣−1 , ∣∣∣1− ab ∣∣∣−1
}
‖f‖∞ (6.36)
≤
∣∣∣∣(1− ba
)(
1− a
b
)∣∣∣∣−1/2 ‖f‖∞ (6.37)
=|∆(γ)|−1/2‖f‖∞. (6.38)

We have an analogous inequality for elements with anisotropic centralizer. Note that this can
only happen in PGL(2,R) since C is algebraically closed.
Proposition 6.7. Let G = PGL(2,R) and let γ be a regular semisimple element with anisotropic
centralizer. Then for any continuous function f ∈ Cc(G) with suppf ⊂ B(1, R) we have
|Oγ(f)| R |∆(γ)|−1‖f‖∞. (6.39)
Proof. Note that in PGL(2,R) all semisimple elements with anisotropic centralizer are conjugate
to an element of the group
K =
〈(
cos θ sin θ
− sin θ cos θ
)
,
(
0 1
1 0
)
| θ ∈ R
〉
,
and their connected centralizer is conjugate to the group
K0 =
{(
cos θ sin θ
− sin θ cos θ
)
| θ ∈ R
}
.
Without loss on generality we may assume this is the case for γ. As in the proof of Proposition 6.6
we can assume that f is constant on the K conjugacy classes. We have the Cartan decomposition
G = K0A
+K where A+ =
{(
a 0
0 1
)
| a ≥ 1
}
.
Define the function J : A+ → R+ by
J
((
a 0
0 1
))
=
(
a+ a−1
2
)2
.
Then, by [37, p.37] we have∫
G
h(g)dg =
∫
K0
∫
A+
∫
K
J(a)h(k0ak)dk0dadk.
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Fix a function α : G→ R such that ∫
K0
α(tg)dt = 1 for all g ∈ G. Then
Oγ(f) =
∫
K0\G
f(x−1γx)dx =
∫
G
α(g)f(g−1γg)dg (6.40)
=
∫
K0
∫
A+
∫
K
J(a)f(k−1a−1k−10 γk0ak)dk0dadk (6.41)
=
∫
K0
∫
A+
∫
K
J(a)f(a−1γa)dk0dadk (6.42)
=
∫ ∞
1
(
t+ t−1
2
)2
f
((
t−1 0
0 1
)
γ
(
t 0
0 1
))
dt
t
. (6.43)
Write γ =
(
cos θ sin θ
− sin θ cos θ
)
, we have(
t−1 0
0 1
)(
cos θ sin θ
− sin θ cos θ
)(
t 0
0 1
)
=
(
cos θ t−1 sin θ
−t sin θ cos θ
)
. (6.44)
The distance of the last matrix to 1 is given by
(
2(cos θ − 1)2 + (t2 + t−2) sin2 θ)1/2 ≥ t| sin θ|. The
support of f lies in the ball B(1, R) so from equation 6.40 we get
|Oγ(f)| ≤ ‖f‖∞
∫ R
| sin θ|
1
(
t+ t−1
2
)2
dt
t
R | sin θ|2. (6.45)
It remains to relate | sin θ| and |∆(γ)|. In PGL(2,C) the element γ is conjugate to the matrix(
eiθ 0
0 e−iθ
)
. Therefore ∆(γ) = (1−e2iθ)(1−e−2iθ) = (e−iθ−eiθ)(eiθ−e−iθ) = − sin2 θ. Combining
this with inequality 6.45 we get
|Oγ(f)| R ‖f‖∞|∆(γ)|−1. (6.46)

Now we shall combine previous estimates with number theoretic input to obtain estimates on
the archimedean orbital integrals for regular elements of an arithmetic lattice. The key ingredient
is a theorem due to Dobrowolski [25]
Theorem 6.8. Let α be an algebraic number of degree d. Then
m(α)
(
log log d
log d
)3
.
Lemma 6.9. Let γ be a semisimple regular element of an arithmetic lattice γ in PGL(2,K) and
let λ be one of the eigenvalues of Adγ. Let k be the trace field of Γ i.e. the field generated by traces
of Adg for g ∈ Γ. Then λ is an algebraic integer and if γ ∈ B(1, R) then m(λ) ≤ R. Moreover if
γ is not torsion , then there exists a unique place ω of k(λ) such that |λ|ω > 1. In such case we
have |λ| = |λ|±1ω and Q(λ) is an extension of k of degree at most 2.
Since k(λ) ' k(γ) ⊂ D we will write m(γ) for the Mahler measure of γ seen as algebraic number
over k. Clearly m(γ) = m(λ).
Proof. Without loss of generality assume that γ ∈ Γ and Γ is a maximal arithmetic lattice. The
fact that γ is an algebraic number follows straight from the construction of maximal arithmetic
lattices (c.f. Proposition 4.4). There exists an admissible quaternion algebra D and family of open
compacts subsets Up ⊂ PD×(kp) for p ∈Mfk such that Γ is the projection of PD×(k) ∩
∏
p Up to
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PGL(2,K). In particular, the eigenvalue λ lies in Okp because of compactness of Up. It follows
that λ is an algebraic integer. Recall that the logarithmic Mahler measure is given by
m(λ) =
∑
ω∈MQ(λ)
log+ |λ|ω.
Let ν1 be the unique archimedean place where D splits. For any place ν of k except ν1 the element
γ is contained in a compact subgroup of PD×(kν) so for any ω extending ν we have |λ|ω = 1. It
follows that
m(λ) =
[Q(λ) : Q]
[k(λ) : Q]
∑
ω∈Mk(λ)
log+ |λ|ω = [Q(λ) : Q]
[k(λ) : Q]
∑
ω|ν1
ω∈Mk(λ)
log+ |λ|ω.
Note that for any ω|ν1 we have |λ| = |λ|±ω . Among all extensions w of ν1 to k(λ) there is at most
one with |λ|ω > 1. If there is none, then by Kronecker lemma λ is a root of identity and γ is
torsion, in which case m(λ) = 0.
We have d(γ, 1) = ‖1 − γ‖ ≤ R. The matrix 1 − γ has eignvalues 1 − λ, 1 − λ−1 so the last
inequality implies that
|1− λ| ≤ R (6.47)
|λ| ≤ R+ 1 ≤ eR (6.48)
log+ |λ| ≤ R. (6.49)
Hence m(λ) ≤ R. In the case |λ|ω 6= 1 we can easily show that k(λ) is at most a quadratic
extension of Q(λ). 
Combining Lemma 6.9, Theorem 6.8 and Propositions 6.6, 6.7 we get
Corollary 6.10. Fix R > 0. Let γ be a regular element of an arithmetic lattice in PGL(2,K)
defined over a number field k and let f ∈ Cc(PGL(2,K)) be a continuous function supported on a
ball B(1, R). Then
|Oγ(f)| R
(
log[k : Q]
log log[k : Q]
)3
‖f‖∞ if γ is loxodromic or hyperbolic, (6.50)
|Oγ(f)| R [k : Q]2‖f‖∞ if γ is elliptic and K = C, (6.51)
|Oγ(f)| R [k : Q]4‖f‖∞ if γ is elliptic and K = R. (6.52)
(6.53)
Proof. Note that if γ is loxodromic, hyperbolic or K = C then its centralizer splits. In that case
m(λ) = log |λ| where λ is the unique eigenvalue of Ad γ of modulus greater than 1. For the first
inequality observe that Lemma 6.9 and Theorem 6.8 give
|∆(γ)| = |1− λ||1− λ−1| ≥ m(λ)2 
(
log[k : Q]
log log[k : Q]
)−6
. (6.54)
This combined with estimate from Proposition 6.6 gives (6.50). In the elliptic case the eigenvalues
λ, λ−1 of γ are roots of unity. Let n be the order of γ. Since λ lies in a quadratic extension of k we
have [Q(λ) : Q] = φ(n) ≤ 2[k : Q] where φ is the Euler’s totient function. Using a crude estimate
n  φ(n)2 we get n  [k : Q]2. Thus |1 − λ|  [k : Q]−2. If the centralizer of γ is split (which
happens if and only if K = C) we get, by Proposition 6.6
|Oγ(f)| R [k : Q]2‖f‖∞.
If K = R the centralizer of γ is anisotropic so
|Oγ(f)| R [k : Q]4‖f‖∞,
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by Proposition 6.7. 
6.4. Global orbital integrals - general case. In this section we combine the results from
Sections 6.3 and 6.2 to get a bound on |Oγ(fAf )|. We start the discussion by a general bound
resulting from what we did in the previous sections. We leave the non-torsion for the next section.
To deal with the non-archimedean part we shall use a classical result of Frobenius
Theorem 6.11 (Frobenius). Any irreducible representation of PGL(2,Fq) of dimension bigger
than 1 has dimension at least q − 1.
For the anisotropic case we will use a result of Carayol on the dimensions of irreducible repre-
sentations of quaternion algebras over a local field.
Theorem 6.12 ( [18, Proposition 6.5]). Let A be a division quaternion algebra defined over kp.
Let pi be a smooth irreducible representation of A× of minimal level c and let r = gcd(2, c). Then
if c ≥ 2 the dimension of pi is given by the formula
dimpi = r
q2 − 1
qr − 1q
1
2 (c+r−4). (6.55)
For the definition of minimal level we refer to [18]. If the level is 1 then the representation pi is
of dimension 1 because it factors through an abelian group. Any complex representation of PA×
can be seen as a representation of A× with trivial central character. As a consequence14 we get:
Corollary 6.13. Let Up be a maximal compact subgroup of PD
×(kp). If p 6∈ RamfD and U '
PGL(2,Okp) then any non-trivial irreducible representation of Up of dimension > 1 has dimension
at least N(p)− 1 and if Up 6' PGL(2,Okp) then every irreducible representation of dimension > 2
has dimension at least N(p)− 1. If p ∈ RamfD then any non-trivial representation of dimension
> 2 has dimension at least N(p) + 1.
We briefly recall the notation. D× is an admissible quaternion algebra defined over a field k, U is
a maximal compact subgroup of PD×(Af ) and χ is the character of an irreducible representation of
U . We have a decomposition U =
∏
p∈Mfk Up so the character χ can be written as χ =
⊗
p∈Mfk χp.
As a direct application of the Proposition 6.5 we get
Proposition 6.14. (1)
|Oγ(1U )| ≤ |Nk/Q(∆(γ))|1/2
∏
p|∆(γ)
kp[γ]quadratic
(
N(p) + 1
N(p)− 1
)
.
(2) For the character χ of an irreducible representation of U we have
|Oγ(χ)| ≤ |Nk/Q(∆(γ))|3/2
∏
p|∆(γ)
kp[γ]quadratic
(
N(p) + 1
N(p)− 1
) ∏
p∈Mfk
8|∆(γ)|−1p <χp(1)
8
∏
p∈Mfk
8|∆(γ)|−1p ≥χp(1)
χp(1),
If γ is 2, 3, 4 torsion the constant 8 can be improved to 4, 8
√
3/3 and 4
√
2 respectively.
Proof. For any χ we have
|Oγ(χ)| =
∏
p∈Mfk
|Oγ(χp)|
14For the rigorous proof of lower bounds on dimensions in the unramified case see Section 8.2.
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For the first inequality put χ = 1U . If p divides ∆(γ) and the extension kp[γ]/kp is quadratic then
by Proposition 6.5 (more precisely (6.16)) we have
|Oγ(1Up)| ≤ |∆(γ)|−1/2p
N(p) + 1
N(p)− 1 ,
otherwise |Oγ(1Up)| ≤ |∆(γ)|−1/2p . Observe that |Nk/Q(∆(γ))| =
∏
p∈Mfk |∆(γ)|
−1
p so we get
|Oγ(1U )| ≤ |Nk/Q(∆(γ))|1/2
∏
p|∆(γ)
kp[γ] quadratic
N(p) + 1
N(p)− 1 .
The proof of the second inequality is completely analogous. 
We need to find more practical bounds on the factors |Nk/Q(∆(γ))|,∏
p|∆(γ)
kp[γ]quadratic
(
N(p) + 1
N(p)− 1
)
and
∏
p∈Mfk
8|∆(γ)|−1p <χp(1)
8
∏
p∈Mfk
8|∆(γ)|−1p ≥χp(1)
χp(1)
At this point it is clear that presence of many prime ideals of small norm makes the problem
harder. In the next section we will show that if γ is non-torsion and the archimedean orbital
integral Oγ(fAf ) does not vanish then all three factors are of order exp(o([k : Q])). This is more
that enough for our purposes.
6.5. Global orbital integrals - non torsion case. In the non torsion case we shall use the Bilu
equidistribution theorem to control the norms of Weyl discriminants and the distribution of prime
ideals of small norm. This yields a much better bound than in the general case. Throughout this
section let R be a fixed real positive number. The main result is
Proposition 6.15. Let Γ be a uniform arithmetic lattice of PGL(2,K) defined using a quaternion
algebra D over a number field k and a maximal open compact subgroup U of PD×(Af ). Let S be
the set of finite places p such that Up 6' PGL(2,Okp). Let f ∈ Cc(PGL(2,K) with suppf ∈ B(1, R)
and γ ∈ Γ \ {1}. If Oγ(f) 6= 0 then for any irreducible character χ of U and any 0 < δ < 1/2 we
have
|Oγ(χ)| ≤ χ(1)1−δ2δ|S| exp(oR([k : Q])). (6.56)
Proof. Using Proposition 6.14 we get
|Oγ(χ)| ≤ |Nk/Q(∆(γ))|3/2
∏
p|∆(γ)
kp[γ]quadratic
(
N(p) + 1
N(p)− 1
) ∏
p∈Mfk
8|∆(γ)|−1p <χp(1)
8
∏
p∈Mfk
8|∆(γ)|−1p ≥χp(1)
χp(1).
We shall estimate the right hand side factor by factor. The fact that Oγ(f) 6= 0 implies that
m(γ) ≤ R. By Lemma 5.3 |NkQ(∆(γ))| = exp(o([k : Q])). By Theorem 5.4 the number of prime
ideals of bounded norm is sublinear in [k : Q] so∏
p|∆(γ)
kp[γ]quadratic
(
N(p) + 1
N(p)− 1
)
= exp(o([k : Q])).
Choose δ between 0 and 1. By Corollary 6.13 the primes p with χp(1) > 8 and 8 ≥ χp(1)1−δ satisfy
(N(p)− 1)1−δ ≤ 8. Again using Theorem 5.4 we get that the number of such primes is sublinear
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in [k : Q]. It follows that
|Oγ(χ)| ≤ exp(o([k : Q]))
∏
p∈Mfk
8<χp(1)
8
∏
p∈Mfk
8≥χp(1)
χp(1) (6.57)
≤ exp(o([k : Q]))χ(1)1−δ
∏
p∈Mfk
8<χp(1)
8
χp(1)1−δ
∏
p∈Mfk
8≥χp(1)
χp(1)
δ (6.58)
≤ exp(o([k : Q]))χ(1)1−δ
∏
p∈Mfk
8≥χp(1)
χp(1)
δ. (6.59)
By Corollary 6.13 ideals p with 1 < χp(1) ≤ 8 and p 6∈ S satisfy N(p)− 1 ≤ 8 (note that it is not
true for primes in S as Up has irreducible representations of dimension 2). By 5.4 we conclude
that
|Oγ(χ)| ≤ exp(o([k : Q]))χ(1)1−δ
∏
p∈S
8≥χp(1)
χp(1)
δ (6.60)
≤ exp(o([k : Q]))χ(1)1−δ2δ|S|. (6.61)
The factor 2 appears because by Theorem 6.12 for p ∈ S the dimension of an irreducible represen-
tation of PD×(kp) is either smaller or equal to 2 or at is greater or equal to N(p)− 1. 
7. Number of conjugacy classes with nontrivial contribution
Throughout this section fix f ∈ Cc(PGL(2,K)) with suppf ⊂ B(1, R). In Section 6.3, Lemma
6.9 we showed that if λ is an eigenvalue of a semisimple, non-torsion conjugacy class [γ] in an
arithmetic lattice and [γ]PGL(2,K) ∩ B(1, R) 6= ∅ then the logarithmic Mahler measure satisfies
m(λ) ≤ R. Moreover, if Γ is defined over k then there exists a unique place ω of k(λ) such that
|λ|ω > 1. In this section we will estimate the number of possible values of λ and in this way
give an upper bound on the number of torsion free, rational conjugacy classes [γ] ∈ PD×(k) with
Oγ(f∞) 6= 0. We will write m(γ) for m(λ), this does not depend on the choice of eigenvalue since
they have the same minimal polynomial over Q.
Remark 7.1. The problem reduces to counting the possible eigenvalues. If λ is such an eigenvalue,
it is an algebraic integer, its logarithmic Mahler measure is bounded by R and λ + λ−1 ∈ Ok. A
priori the number of all algebraic integers satisfying those conditions may be much smaller than
the number of all algebraic integers α of degree at most 2[k : Q] and with m(α) ≤ R. The size of
the latter set was bounded by Dubickas and Konyagin in [26]:
|{α ∈ Zalg|[Q(α) : Q] ≤ d and m(α) ≤ R}|  eR([k:Q]+o([k:Q])). (7.1)
This bound is exponential in the degree while we need a sub-exponential one.
The main result of this section is
Theorem 7.2. Fix R > 0. Let D be a K-admissible quaternion algebra defined over a number field
k. The number of conjugacy classes [γ] ⊂ PD×(k) with m(γ) ≤ R is of order exp(OR(log2[k : Q])).
We always assume that D is a K-admissible quaternion algebra. Before proving Theorem 7.2
let us prove some auxiliary results.
For z ∈ C, |z| ≤ 1 and t ≥ 0 define the function
logt |1− z| =
1
2
∞∑
n=1
−e−nt(zn + zn)
n
. (7.2)
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Note that for t = 0 the series converge absolutely only if |z| < 1. In that case we have log0 |1−z| =
log |1− z|.
Lemma 7.3. (1) for t < 1 we have | logt 0| ≤ − log t+O(1).
(2) for |z| = 1, z 6= 1 we have log |1− z| ≤ t2 + logt |1− z|.
Proof. (1)
0 ≥ logt 0 =
∞∑
n=1
−e−nt
n
(7.3)
= log |1− e−t| (7.4)
≥ log t+O(1). (7.5)
(2) Note that |z| = 1 implies zn = z−n.
log |1− z| − logt |1− z| =
∫ t
0
∂
∂s
logs |1− z|ds (7.6)
=
1
2
∫ t
0
∂
∂s
∑
n 6=0
−e−|n|szn
|n|
 ds (7.7)
=
1
2
∫ t
0
∑
n 6=0
−e−|n|szn
 ds (7.8)
=
t
2
− 1
2
∫ t
0
( ∞∑
n=−∞
e−|n|szn
)
. (7.9)
To finish the proof it is enough to show that the sum
∑∞
n=−∞ e
−|n|szn is positive for all z
on the unit circle and s > 0. We have
∞∑
n=−∞
e−|n|szn =
1
1− e−sz +
1
1− e−sz − 1 (7.10)
=
1− e−2s
|1− ze−s|2 (7.11)
>0. (7.12)

Lemma 7.4. Let α ∈ Q be an algebraic integer of degree N such that m(α) ≤ R and there exists
at most C embeddings ρ : Q(α)→ C such that |ρ(α)| 6= 1. Then∣∣∣∣ trQ(α)/QαN
∣∣∣∣R,C ( logNN
)1/2
. (7.13)
Proof. The proof follows the methods of [27] and [6]. Let α1, . . . , αN be the roots of the minimal
polynomial of α. We divide them in two parts {α1, . . . , αN} = H1unionsqH2 where H1 = {αi | |αi| = 1}
and H2 = {αi | |αi| 6= 1}. The discriminant of the minimal polynomial of α is a non zero integer
so ∑
1≤i6=j≤n
log |αi − αj | ≥ 0. (7.14)
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Hence ∑
ω 6=ω′∈H1
log |ω − ω′| ≥ − 2
∑
ω∈H1
ω′∈H2
log |ω − ω′| −
∑
ω 6=ω′∈H2
log |ω − ω′| (7.15)
≥− 2|H1||H2| log(eR + 1)−
(|H2|
2
)
log(2eR) (7.16)
R,C −N. (7.17)
We have used the fact that m(α) ≤ R to guarantee that |ω| ≤ eR for any ω ∈ H2. The left hand
side of the inequality can be rewritten as
∑
ω 6=ω′∈H1 log |1 − ωω′|. Using the last inequality and
Lemma 7.3 we get for t ∈]0, 1[∑
ω,ω′∈H1
logt |1− ωω′| ≥|H1| log t+O(|H1|)−
t
2
|H1|2 −OR,C(N) (7.18)
R,C −N( tN
2
− log t+O(1)). (7.19)
Note that in the above sum we allow ω = ω′ hence the term |H1| log t. For t = 1/N we get∑
ω,ω′∈H1
logt |1− ωω′| R,C −N(logN +O(1)). (7.20)
We multiply both sides by −1 and use the Fourier expansion of logt |1− z| to get
N(logN +O(1))R,C
∑
n 6=0
e−|n|/N
|n|
∑
ω,ω∈H1
ωnω′
n
(7.21)
=
∑
n 6=0
e−|n|/N
|n|
∣∣∣∣∣ ∑
ω∈H1
ωn
∣∣∣∣∣
2
. (7.22)
We deduce ∣∣∣∣∣ ∑
ω∈H1
ω
∣∣∣∣∣
2
R,C e1/NN(logN +O(1)) (7.23)∣∣∣∣∣ ∑
ω∈H1
ω
∣∣∣∣∣R,C N1/2(logN)1/2. (7.24)
We turn back to the main inequality of the lemma:∣∣∣∣ trQ(α)/QαN
∣∣∣∣ ≤ ∣∣∣∣
∑
ω∈H1 w
N
∣∣∣∣+ ∣∣∣∣
∑
ω∈H2 w
N
∣∣∣∣ (7.25)
R,C
(
logN
N
)1/2
+
CeR
N
R,C
(
logN
N
)1/2
. (7.26)

We will need a simplified version of Kabatjianksii-Levenstein bound [38] on the number of almost
orthogonal vectors on the unit sphere. This version was proved by Terrence Tao in the expository
article on Kabatjanskii-Levenstein bounds on his blog. It is better suited for our needs than the
original bounds from [38].
Lemma 7.5. [Kabatjanskii-Levenstein, T.Tao] Let v1, v2, . . . , vm be unit vectors in an n-dimensional
Euclidean space such that for every i 6= j |〈vi, vj〉| ≤ An−1/2 for some 12 < A < 12
√
n. Then
m ≤ (CnA2 )CA2 for some absolute constant C.
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No we can proceed to the proof:
Proof of Theorem 7.2. By Lemma 3.5 if γ is not 2-torsion then any nonzero eigenvalue λ of γ
determines the conjugacy class [γ]. The eigenvalue λ is an algebraic integer of logarithmic Mahler
measure at most R. We will prove the theorem by showing that there are at most exp(O(log2[k :
Q])) possible choices of λ. Let us enumerate the archimedean places of k by ν1, ν2, . . . , νr1+r2 is
such a way that kν1 = K and {ν2, . . . , νr1+r2} = Ram∞D. Note that in our setting the number of
complex places r2 is 1 if K = C and 0 otherwise.
Define the set
SR = {λ ∈ Q|λ+λ−1 ∈ k,m(λ) ≤ R, (λ+λ−1)ν1 6∈ [−2, 2] and |λ+λ−1|νi ≤ 2 for i = 2, . . . , r1+r2}
(7.27)
By Lemma 6.9 the eigenvalues of γ lie in SR. We want to show that
|SR| ≤ exp(O(log2[k : Q])). (7.28)
Consider the set
AR = {λ+ λ−1|λ ∈ SR and Re(λ+ λ−1)ν1 > 0}. (7.29)
Here xν1 denotes the image of x under any embedding ρ : k → C s.t. |x|ν1 = |ρ(x)|. Such an
embedding is defined up to complex conjugation so the real part is well defined. We have |SR| ≤
4|AR|. Let us fix a Dirichlet embedding ι : k → Cr2×Rr1 := V given by x 7→ (xν1 , xν2 , . . . , xνr1+r2 ).
We introduce a scalar product on V given by
〈x, y〉 =
{
1
[k:Q]
(
2x1y1 +
∑r1+r2
i=2 xiyi
)
if K = C
1
[k:Q]
∑r1+r2
i=1 xiyi if K = R
(7.30)
By means of the Dirichlet embedding we think of k as a subset of V . We claim that for every pair
x, y ∈ AR we have |〈x, y〉|  (log[k : Q]/[k : Q])1/2 and |〈x, x〉| = 2 + O((log[k : Q]/[k : Q])1/2).
We postpone the proofs of these inequalities to Lemma 7.6. For every x ∈ AR put x˜ = x/
√〈x, x〉.
V is a Euclidean space of dimension [k : Q] and the set {x˜|x ∈ AR} consists of unit vectors. For
any distinct x˜, y˜ we have 〈x˜, y˜〉 ≤ C1 log1/2[k : Q]/[k : Q]1/2. We apply Lemma 7.5 to get:
|AR| 
(
C[k : Q]
C21 log[k : Q]
)CC21 log[k:Q]
 exp(CC21 log2[k : Q]). (7.31)
It follows that |SR| = exp(O(log2[k : Q])). Since the conjugacy class of γ is determined by its
eigenvalues that gives the desired bound on the number of conjugacy classes. 
Lemma 7.6. Put N = [k : Q]. With the notation from the proof of Theorem 7.2, for every
x 6= y ∈ AR we have
(1)
|〈x, y〉| 
(
logN
N
)1/2
(2)
〈x, x〉 = 2 +O
((
logN
N
)1/2)
Proof. Let us treat the case K = R, the proofs for K = C are nearly identical. Write x = λ1 +λ−11
and y = λ2 + λ
−1
2 with λ1, λ2 ∈ SR. The conditions imposed on AR ensure that λ1 6= ±λ±12 .
Claim. Q(λ±11 λ
±1
2 ) = Q(λ1, λ2). To prove this statement we are going to use some basic
Galois theory. Assume Q(λ1λ2) ( Q(λ1, λ2). Then, there exists an automorphism σ ∈ Gal(Q/Q)
fixing Q(λ1λ2) but not Q(λ1, λ2). So σ(λ1λ2) = λ1λ2 but σ(λ1) 6= λ1 or σ(λ2) 6= λ2. Let us
examine the possibilities. The numbers λ1, λ2 are Salem numbers (see Lemma 6.9) so σ(λi) is
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either complex non-real of modulus 1 or σ(λi) = λ
±1
i . Since σ(λ1)σ(λ2) = λ1λ2 is a real number
the only possibility is that both σ(λi) are real or that they are complex of modulus 1 and λ1λ2 = 1.
Both scenarios lead quickly to the contradiction with the condition λ1 6= λ±12 . The Claim follows.
In particular, the Claim implies that Q(λ±11 λ
±1
2 ) contains k and 4 ≥ [Q(λ±11 λ±12 ) : Q) : k] ≥ 2.
We have
〈x, y〉 = trk:Qxy
[k : Q]
=
∑
±,±
[k(λ±11 λ
±1
2 ) : k]trQ(λ±11 λ
±1
2 )/Q
(λ±11 λ
±1
2 )
[Q(λ±11 λ
±1
2 ) : Q]
(7.32)
≤4
∑
±,±
trQ(λ±11 λ
±1
2 )/Q
λ±11 λ
±1
2
[Q(λ±11 λ
±1
2 ) : Q]
(7.33)
R
(
log[k : Q]
[k : Q]
)1/2
. (7.34)
In the last passage we have used Lemma 7.4. Now we move to the proof of the second equality.
〈x, x〉 = trk/Qx
2
[k : Q]
=
trk/Q2 + trk/Q(λ
2
1 + λ
−2
1 )
[k : Q]
(7.35)
=2 +
∑
±
[k(λ±21 ) : k]trQ(λ±21 )/Qλ
±2
1
[Q(λ±21 ) : Q]
(7.36)
=2 +OR
((
log[k : Q]
[k : Q]
)1/2)
. (7.37)

8. Representation Zeta functions
8.1. Definitions and motivation. Let G be a topological group. The representation zeta func-
tion of G denoted ζG is defined as the formal Dirichlet series
ζG(s) =
∑
ρ∈IrrG
(dim ρ)−s (8.1)
The series are well defined only for rigid groups i.e. those which have finitely many irreducible
representations of bounded dimension. For our purposes we will be interested in the representations
of a maximal compact subgroup U of PD×(Af ), where D is an admissible quaternion algebra. By
maximality U decomposes as a product of local factors U =
∏
p∈Mfk Up so formally we have
ζU =
∏
p∈Mfk
ζUp .
Unfortunately for us, the group U is not rigid and the representation zeta function is not well
defined. Indeed, the image of U via the norm map n(U) ⊂ A×/(A×)2 is infinite so U has infinitely
many one dimensional representations. For this reason we define the special zeta function:
Definition 8.1. Let G be a topological group. We identify the group of one dimensional characters
of G with IrrGab. IrrGab acts on IrrG by tensor product. The special representation zeta function
of G denoted ζ∗G is defined as the formal Dirichlet series
ζ∗G(s) =
∑
ρ∈IrrG/IrrGab
(dim ρ)−s. (8.2)
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For U we have the product decomposition:
ζ∗U =
∏
p∈Mfk
ζ∗Up .
We will show in Section 8.2 that this function is well defined and can be explicitly bounded.
Our motivation to study the representation zeta functions is illustrated by the following abstract
principle.
Lemma 8.2. Let G be a group and let H be a subgroup of finite index. Let γ ∈ G be an element
such that there exists 1 ≥ δ > 0 such that |χ(γ)| ≤ (dim ρ)1−δ for all irreducible characters of G.
(1) Let b ∈ R be such that ζG(b− 1) is finite and put a = δ/(1 + b). Then
χInd GH1(γ) =
∑
ρ∈IrrG
dimWHρ χρ(γ) ≤ [G : H]1−aζG(b− 1)a. (8.3)
(2) Let b ∈ R be such that ζ∗G(b− 1) is finite and put a = δ/(1 + b). Write A for the image of
H in Gab. Then
χInd GH1(γ) ≤ [G : H]
1−aζ∗G(b− 1)a[Gab : A]a. (8.4)
Proof. (1) By Ho¨lder’s inequality we have∣∣∣∣∣∣
∑
ρ∈IrrG
dimWHρ χρ(γ)
∣∣∣∣∣∣ ≤
∑
ρ∈IrrG
dimWHρ (dim ρ)
1−δ (8.5)
=
∑
ρ∈IrrG
(dimWHρ dim ρ)
1−a
(
dimWHρ
(dim ρ)b
)a
(8.6)
≤
 ∑
ρ∈IrrG
dimWHρ dim ρ
1−a ∑
ρ∈IrrG
dimWHρ
(dim ρ)b
a (8.7)
≤[G : H]1−aζG(b− 1)a (8.8)
(2) Dividing by a finite index normal subgroup N ⊂ H we may assume without loss on
generality that G is finite. For an irreducible representation ρ let Sρ = #{θ ∈ IrrGab | ρ '
ρ⊗ θ}15. We have
χInd GH1(γ) =
∑
ρ∈IrrG
〈1, ρ〉Hχρ(γ) (8.9)
=
∑
ρ∈IrrG/IrrGab
1
Sρ
∑
θ∈IrrGab
〈1, ρ⊗ θ〉Hχρ(γ)θ(γ) (8.10)
=
∑
ρ∈IrrG/IrrGab
χρ(γ)
Sρ
 ∑
θ∈IrrGab
〈θ, ρ〉Hθ(γ)
 (8.11)
If θ1|A = θ2|A then16 〈θ1, ρ〉H = 〈θ2, ρ〉H . It follows that∑
θ∈IrrGab
〈θ, ρ〉H = [Gab : A]
∑
θ∈IrrA
〈θ, ρ〉H (8.12)
15The only reason why we replace G with a finite quotient is that we need Sρ to be finite.
16Recall that A is the image of H in Gab.
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Put C(ρ) :=
∑
θ∈IrrA〈θ, ρ〉H . Then using inequality |χρ(γ)| ≤ (dim ρ)1−δ and the Ho¨lder
inequality we get
χInd GH1(γ) ≤[G
ab : A]
∑
ρ∈IrrG/IrrGab
|χρ(γ)|C(ρ)
Sρ
(8.13)
≤[Gab : A]
∑
ρ∈IrrG/IrrGab
(dim ρ)1−δC(ρ)
Sρ
(8.14)
=[Gab : A]
∑
ρ∈IrrG/IrrGab
(
(dim ρ)C(ρ)
Sρ
)1−a(
C(ρ)
Sρ(dim ρ)b
)a
(8.15)
≤[Gab : A]
 ∑
ρ∈IrrG/IrrGab
(dim ρ)C(ρ)
Sρ
1−a ∑
ρ∈IrrG/IrrGab
C(ρ)
Sρ(dim ρ)b
a (8.16)
By definition C(ρ) ≤ dim ρ and Sρ ≥ 1 so we can bound the last expression by
≤ [Gab : A]a
 ∑
ρ∈IrrG/IrrGab
(dim ρ)C(ρ)[Gab : A]
Sρ
1−a ζ∗G(b− 1)a (8.17)
By plugging γ = 1 in (8.9-8.12) we see that ∑
ρ∈IrrG/IrrGab
(dim ρ)C(ρ)[Gab : A]
Sρ
 = χInd GH1(1) = [G : H] (8.18)
which ends the proof.

We will not be using Lemma 8.2 directly but apply a similar reasoning to bound the right hand
side in Lemma 4.26. The upper bounds on the values of irreducible characters will be replaced by
upper bounds on orbital integrals from Propositions 6.14 and 6.15.
8.2. Special Zeta function of maximal compact subgroup. Throughout this section U is a
maximal compact subgroup of PD×(Af ). It decomposes as a product U =
∏
p∈Mfk Up where Up
is a maximal compact subgroup of PD×(kp). We have seen in Lemma 4.10 that the structure of
Up is known explicitly. Representation zeta functions for compact p-adic groups like Up have been
studied in [3, 4, 36, 43] and many others but it seems that the exact type of bound that we need
is not present in the literature. The formula for the representation zeta function of SL(2,Okp) is
known explicitly by the work of Jaikin-Zapirain [36]. Let q = N(p) be odd, then
ζSL(2,Okp )(s) =1 + q
−s +
q − 3
2
(q + 1)−s + 2
(
q + 1
2
)−s
+
q − 1
2
(q − 1)−s + 2
(
q − 1
2
)−s
+
4q
(
q2−1
2
)−s
+ q
2−1
2 (q
2 − q)−s + (q−1)22 (q2 + q)−s
1− q−s+1 .
We will use the following lemma
Lemma 8.3. Let G be a group and H a normal subgroup such that G/H is abelian. Then for
every s > 0 where ζ∗G(s) and ζH(s) are well defined we have ζ
∗
G(s) ≤ ζH(s).
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Proof. For ρ ∈ IrrH let Irr(G|ρ) denote the set of irreducible representations of G whose restriction
to H contains ρ. For any pi ∈ IrrG write api for #{pi ⊗ θ|θ ∈ IrrGab}. If ρ1, ρ2 ∈ IrrH we write
ρ1 ∼ ρ2 if they are conjugate by G. We have
ζ∗G(s) =
∑
ρ∈IrrH/∼
 ∑
pi∈Irr(G|ρ)
(dimpi)−s
api
 ≤ ∑
ρ∈IrrH/∼
 ∑
pi∈Irr(G|ρ)/Irr(G/H)
(dimpi)−s
 . (8.19)
In the last inequality we use the fact that G/H is abelian and IrrG/H acts on Irr(G|ρ) by tensor
product. Write K = Kρ for the stabilizer of ρ in G. By Clifford’s theorem [35, 6.2, 6.11, 6.17, and
11.22] for any pi ∈ Irr(G|ρ) there exists e such that eρ extends to an irreducible representation ρ˜
of K and pi = Ind GK ρ˜. For now let us fix pi. Direct computation of characters gives∑
θ∈IrrK/H
χθ⊗ρ˜ = [K : H]1Hχρ˜ = eχInd KHρ (8.20)
so every irreducible constituent of Ind KHρ is of form θ⊗ρ˜ for some character θ of K/H. In particular
by Frobenius reciprocity every pi′ ∈ Irr(G|ρ) is of form pi′ = Ind GKθ⊗ ρ˜ for some θ ∈ IrrK/H. Now
if θ2 ∈ IrrG/H then θ2⊗ Ind GK ρ˜ = Ind GK(θ2|K)⊗ ρ˜. This together with the previous remark shows
that the action of IrrG/H on Irr(G|ρ) is transitive. This means that the right side of (8.19) equals∑
ρ∈IrrH/∼
([G : Kρ] dim ρ)
−s ≤ ζH(s) (8.21)

A corollary of the proof is
Corollary 8.4. Let G be a group and H a normal subgroup such that G/H is abelian. Let ρ be
an irreducible representation of H. Write Kρ for the stabilizer of ρ under conjugation. Then all
representations pi of G such that pi|H contains ρ are in a single IrrG/H orbit and dimpi ≥ [G :
Kρ] dim ρ. In particular
ζ∗G(s) ≤
∑
ρ∈IrrH/∼
([G : Kρ] dim ρ)
−s.
Now we can proceed to the estimates on ζ∗Up(s). We divide the reasoning in three parts according
to the isomorphism class of Up. In general the argument will be as follows. First we find a normal
subgroup H of Up with abelian quotient. For a representation ρ of H of level n we prove a lower
bound on [Up : StabUpρ] dim ρ of order q
n. We use a crude bound on the number of irreducible
representations of level n of order (q − 1)q3(n−1). Using Corollary 8.4 we will get a satisfactory
bound for s ≥ 7 (see Corollary 8.5).
(1) Up ' PGL(2,Okp). Put H = PSL(2,Okp). The quotient G/H is abelian and we even have
H = Gab unless q = 2, 3. Write Kn for the kernel of the reduction map PSL(2,Okp) →
PSL(2,Okp/pn). We call Kn the n-th principal congruence subgroup. Recall that an
irreducible representation ρ of H is of level n if Kn ⊂ ker ρ and Kn−1 6⊂ ker ρ. We will
write Stabρ for the stabilizer of ρ under the action of Up by conjugation.
Step 1. All open normal subgroups of PSL(2,Op) contained in K1 are of form Kn.
Indeed let N ⊂ K1 be an open normal subgroup of PSL(2,Op). Let n be a minimal
natural number such that N ⊂ Kn. Put N ′ = Kn+1N . By definition it is a normal
subgroup contained in Kn. The quotient Kn/Kn+1 is naturally identified with sl(2,Fq) and
the action of PSL(2,Okp) factors through the adjoint action of PSL(2,Fq). The quotient
N ′/Kn+1 is a non zero subspace of sl(2,Fq) invariant by PSL(2,Fq). But sl(2,Fq) is an
irreducible PSL(2,Fq) module so N ′/Kn+1 = Kn/Kn+1. Now the fact that [K1,Kl] =
Kl+1 and a simple inductive argument show that N = Kn.
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Step 2. Let ρ be an irreducible representation of H of level n. Then [Up : Stabρ] dim ρ ≥
(q− 1)qn−1. The proof is similar to the original argument of Frobenius. For any natural a
let Na :=
(
1 Okppa
0 1
)
. By Step 1 the normal closure of Na in PSL(2,Okp) equals Ka. It
follows that the restriction ρ|Nn−1 is nontrivial. In particular there exists an irreducible
character θ ofOkp contained in ρ|N0 nontrivial onNn−1. The subgroup B :=
(
O×kp 0
0 O×kp
)
of Up normalizes N0 and [G : Stabρ] dim ρ ≥ |Bθ| = |O×kpθ|. Since θ is of level n we have
|O×kpθ| = (q − 1)qn−1.
Step 3. Here we bound the number of Up orbits of irreducible representations of H
of level n. It is easy to see that the number of Up-orbits of irreducible representations of
H/Kn equals the number of Up conjugacy classes in H/Kn = PSL(2,Okp/pn). We have
#{Up conjugacy classes in PSL(2,Okp/pn)} (8.22)
≤#{Up conjugacy classes in PSL(2,Fq)}[K1 : Kn] (8.23)
≤q + 3
2
q3n−3 for q odd, (8.24)
≤(q − 1)q3n−3 for q even. (8.25)
(8.26)
Step 4. If q ≥ 3 then q−1(q−1)5 ≤ 1q2 and q+32(q−1)5 ≤ 1q2 so steps 2, 3 and Corollary 8.4
combined give
ζ×Up(5) ≤ 1 +
∞∑
n=1
q3(n−1)
q2q5(n−1)
= 1 +
∞∑
n=1
1
q2n
= (1− q−2)−1 (8.27)
If q = 2 the groups H and Up are equal. We have H/K1 = PSL(2,F2) = S3 so the
contribution of characters of level 1 to ζ∗Up(s) equals 1+2
−s. Using steps 2,3 we can estimate
the contribution of higher level representations by
∑∞
n=2
(q−1)q3n−3
(q−1)sqs(n−1) =
∑∞
n=1 2
−s−3n.
Hence we have ζ∗Up(6) ≤ (1− q−2)−1
(2)
Up '
〈(
O×kp Okp
p O×kp
)
,
(
0 pi
1 0
)〉
,
In this case we will not be using Corollary 8.4. If A is a subgroup of Up we will write A
1
for the intersection A ∩ PSL(2,Okp). Put
U ′ =
(
O×kp Okp
p O×kp
)
(8.28)
and
Ln :=
(
1 + pn+1 pn
pn+1 1 + pn+1
)1
. (8.29)
Those are normal subgroups of Up which will play a role analogous to the principal con-
gruence subgroups Kn from the previous case. We say that a representation ρ of H is of
level n if Ln ∈ ker ρ and Ln−1 6∈ ker ρ. Note that this definition of level differs from the
one used in the previous case.
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Step 1. Let Na =
(
1 Okppa
0 1
)
. Let Ma be the normal closure of Na in Up. Then
Ma = La. To see this, first note that(
0 1
pi 0
)
,
(
1 x
0 1
)(
0 1
pi 0
)−1
=
(
1 0
pix 1
)
. (8.30)
Hence Ma contains the group〈(
1 0
pa+1 1
)(
1 pa+1
0 1
)〉
. (8.31)
We identify the quotient Ka+1/Ka+2 with sl(2,Fq). Put M ′a = Ma ∩ Ka+1. The image
M ′a/Ka+2 in Ka+1/Ka+2 is an U
′-invariant subspace of sl(2,Fq) containing the vectors(
0 1
0 0
)
,
(
0 0
1 0
)
. A simple calculation shows that the only U ′ invariant subspace con-
taining them is sl(2,Fq). It follows that M ′aKa+2 = Ka+1. M ′a is normal in U ′ and
K1 ⊂ U ′. We have [K1,Kn] = Kn+1 for any n so a simple inductive argument shows that
M ′a = Ka+1. Finally we conclude that Ma = NaKa+1 = La.
Step 2. Any irreducible representation of Up of level n has dimension at least (q −
1)qn−1. The proof is identical to the proof of Step 2 from the previous case. Note that we
adapted the definition of level so that the argument still works.
Step 3. The group Up/L0 is isomorphic to the dihedral group Dq−1 so it has q+52
conjugacy classes if q odd and q+22 if q is even (c.f. [62, 5.3]). Hence we can bound the
number of conjugacy classes in Up/Ln by
q + 5
2
[L0 : Ln] =
q + 5
2
q3n for q odd (8.32)
q + 2
2
[L0 : Ln] =
q + 2
2
q3n for q even. (8.33)
Step 4. We start with the case q ≥ 3. We have Up/L0 ' Dq−1. The dihedral group
Dq−1 has 4 representations of dimension 1 and q−32 representations of dimension 2 if q is
odd and 2 representations of dimension 1 and q−22 representations of dimension 2 if q is
even (c.f. [62, 5.3]). The contribution of representations of level 0 to ζ∗Up(s) is at most
1 + q−32 2
−s for q odd and at most 1 + q−22 for q even. Combining this with steps 2,3 we
get that for q odd
ζ∗Up(s) ≤ 1 +
q − 3
2
2−s +
∞∑
n=1
(q + 3)q3n
2(q − 1)sqs(n−1) . (8.34)
If follows that ζ∗Up(7) ≤ (1 + q−2)−1 + q−32 2−7 ≤ (1− q−2)−1(1 + q). For q even we get
ζ∗Up(s) ≤ 1 +
q − 2
2
2−s +
∞∑
n=1
(q + 2)q3n
2(q − 1)sqs(n−1) . (8.35)
If q ≥ 4 then as before ζ∗Up(7) ≤ (1 + q−2)−1 + q−22 2−7 ≤ (1 + q−2)−1(1 + q). For q = 2
there are additional complications because our method from the second step gives a trivial
bound on the representations of level 1. In this case we have to compute the contribution
of the representations of levels 0 and 1 by hand. The group Up/L0 is isomorphic to
D1 ' Z/2Z with generator
(
0 1
2 0
)
and L0/L1 ' (Z/2Z)2 with generators
(
1 1
0 1
)
and(
1 0
2 1
)
. Group Up/L0 acts on L0/L1 ' (Z/2Z)2 be swapping coordinates so Up/L0 '
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(Z/2Z) o (Z/2Z)2. We conclude that Up/L1 has 4 representations of dimension 1 and a
single representation of dimension 2. Together with Steps 2 and 3 this yields the estimate
ζ∗Up(s) ≤ 1 + 2−s +
∞∑
n=2
23n+2
21+(n−1)s
. (8.36)
We get ζ∗Up(s) ≤ 1 + 2−7 + 1 + 2−4 + 2−8 + . . . ≤ (1− q−2)−1(1 + q).
(3) D is ramified in p and U = PD×(kp). Write Mi for the subgroup {x ∈ D×(kp)|n(x− 1) ∈
pi} and M1i = Mi ∩D1(kp). We have a surjective map D(kp)× → PD×(kp) with abelian
kernel so ζ∗
PD×(kp)
(s) ≤ ζD×(kp)∗(s) for every s where they are well defined. We will use
Carayol’s formula for the dimensions of irreducible representations in term of levels ( [18],
see theorem 6.12 for the statement). For every class c in IrrD×(kp)/IrrD×(kp)ab we choose
a representative ρc of minimal level. Recall that in a finite group G the number of classes
in IrrG/IrrGab coincides with the number of conjugacy classes in [G,G]. It follows that
the number of classes c ∈ IrrD×(kp)/IrrD×(kp)ab such that ρc is of level n is at most the
number of conjugacy classes in D1(kp)/M
1
n−1. As in Theorem 6.12 we put r = gcd(n, 2),
then D1(kp)/M
1
n = (q + 1)q
1
2 (3n+r−4). Using the dimension formula we get
ζ∗D×(kp) ≤ 1 + 2−s(q + 1) +
∑
n≥3
(q + 1)q
1
2 (3n+r−4)(
r(q2 − 1)(qr − 1)−1q 12 (n+r−4)
)s (8.37)
For s ≥ 7 the left hand side is bounded by q+127 + (1 + q−2)−1 ≤ (1 + q−2)−1(1 + q).
We wrap up the estimates on special representation zeta functions for maximal compact subgroups.
Rather than aiming at an optimal estimate we will try to give simpler version with application to
Strong Limit Multiplicity problem in mind.
Corollary 8.5. Let D be an admissible quaternion algebra defined over a number field k. Let
U =
∏
p∈Mfk Up be a maximal compact subgroup of PD
×(Af ) and let S be the set of places where
Up 6' PGL(2,Okp). Then for s ≥ 7 we have
ζ∗U (s) ≤ ζk(2)
∏
p∈S
(N(p) + 1) (8.38)
8.3. Abelianization of maximal compact subgroup. Let U be a maximal compact subgroup
in PD×(Af ) and V an open subgroup. To prove the Strong Limit Multiplicity for a lattice ΓV =
PD×(k)∩ V we will use a variation of the second part of the Lemma 8.2. With this application in
mind we need to control the index of the image of V in the abelianization of U . Write φ : U → Uab,
we will prove:
Proposition 8.6.
[Uab : φ(V )] ≤ 23[k:Q]+|S||cl (k)| |cl (V )||cl (U)| , (8.39)
where cl (V ), cl (U) are the class groups defined in 4.19 and cl (k) is the usual class group of k.
Proof. We will use a simple fact that whenever H ⊂ G are groups such that G/H is finite and ι is
a homomorphism of G with finite kernel, then [G : H] ≤ | ker ι|[ιG : ιH].
Step 1. The norm induces a map n : Uab → n(U). Write U1 for the kernel of n : U → n(U).
We have U1 =
∏
p∈Mfk U
1
p . If p 6∈ RamfD and Up ' PGL(2,Okp) then [Up, Up] = U1p unless17
N(p) = 2, 3. If N(p) = 2, 3 then [Up, Up] is a subgroup of U
1
p of index 2. If p 6∈ RamfD and
Up 6' PGL(2,Okp) then Up is of the second type in 4.10. For such groups we have [Up, Up] = U1p .
17 The groups PSL(2,Fq) are simple if q 6= 2, 3.
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Finally if p ∈ RamfD then [Up, Up] = U1p . It follows that | ker
[
Uab → n(U)] | ≤ 2n2+n3 where
ni is the number of prime ideals in k of norm i. There are at most [k : Q] prime ideals above every
rational prime so we deduce [Uab : φ(V )] ≤ 22[k:Q][n(U) : n(V )].
Step 2. Our task is reduced to finding an upper bound on [n(U) : n(V )]. Let S be the set of
finite places p where Up 6' PGL(2,Okp). At this point it is good to recall that U ⊂ PD× so n(U) ⊂
(ASf )×/((A
×
f )
S)2. Let us consider the quotient map (ASf )×/((ASf )×))2 → A×f /k× × ((Af )×)2 and
write WU ,WV respectively for the image of n(U), n(V ). We have an exact sequence
1 −−−−→ (ASf )×/O×k,S −−−−→ A×f /k× −−−−→ A×f /k×(ASf )× −−−−→ 1 (8.40)
Let us call the last group by cl S(k), it is a quotient of the class group of k. We tensor the exact
sequence by Z/2Z to get
[cl S(k)]2 −−−−→ (ASf )×/O×kD ((ASf )×)2 −−−−→ A×f /k×D(A×f )2 −−−−→ cl S(k)/2cl S(k) −−−−→ 1.
(8.41)
Then the kernel of the map n(U) → (ASf )×/O×k ((ASf )×)2 is a subgroup of O×k,S/(O×k,S)2. By
Dirichlet’s Unit Theorem the latter is cardinality at most 2r1+r2+|S| so the kernel of the map
n(U) → WU is of cardinality at most 2r1+r2+|S||[cl S(k)]2|. We deduce that [n(U) : n(V )] ≤
2[k:Q]+|S||cl (k)|[WU : WV ].
Step 3. Consider the commutative diagram
1 1 ker[cl (V )→ cl (U)]y y y
1 −−−−→ WV −−−−→ A×f /k×D(A×f )2 −−−−→ cl (V ) −−−−→ 1y y y
1 −−−−→ WU −−−−→ A×f /k×D(A×f )2 −−−−→ cl (U) −−−−→ 1y y y
WU/WV 1 1
(8.42)
The rows and columns are exact so by snake lemma WU/WV ' ker[cl (V ) → cl (U)]. It follows
that
[Uab : φ(V )] ≤ 23[k:Q]+|S||cl (k)| |cl (V )||cl (U)| . (8.43)

In the Section 9 we will show that for fixed f ∈ Cc(PGL(2,K)) if a congruence lattice ΓV
contains non torsion elements with nonzero contribution to trRΓV f then |cl (k)| ε |∆k|1/2+ε.
9. Adelic Volumes
9.1. Volumes of projective division algebras. In this section we compute the volume of
PD×(k)\PD×(A) with respect to the standard measure (cf. Section 2.4). The standard mea-
sure depends on the choice of maximal compact subgroup U of PD×(A). The reasoning fol-
lows [57, Chapters 7,10,11]) but we work with PD× instead of D1. Let us start by recalling the
definition of a Tamagawa measure on an algebraic group.
Let G be an algebraic group defined over a number field k. Fix a left invariant gauge form ω
on G defined over k. For any place ν in Mk the form ω induces a left invariant Haar measure
on G(kν) denoted |ω|ν . For the construction see [66, Section 2.2]. For any a ∈ k× we have
|aω|ν = |a|ν |ω|ν . A sequence of positive real numbers (λν)ν∈Mk is called a set of convergence
factors if the product
⊗
ν∈Mk(λ
−1
ν |ω|ν) is a left invariant Haar measure on G(A). If that is the
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case the measure |∆k|− dimG/2
⊗
ν∈Mk(λ
−1
ν |ω|ν) is called the Tamagawa measure for G derived
from the convergence factors (λν) and we denote it by (ω, (λν)ν∈Mk). Tamagawa measures do not
depend on the choice of ω. If G is a semisimple algebraic group then (1)ν∈Mk is a set of convergence
factors and the Tamagawa measure derived from (1)ν∈Mk is called the canonical Tamagawa measure
on G. We shall write µTam for the Tamagawa measure on a semisimple group G. We have the
following result on the Tamagawa measure of G(k)\G(A) when G is the projective group of a
division algebra:
Theorem 9.1. [Weil, [66, Theorem 3.2.1]] Let A be a central division algebra of dimension n2
over a number field k. The canonical Tamagawa measure of the quotient PA×(k)\PA×(A) equals
n.
Computing Tamagawa measures straight from definition is not very convenient. We shall use
an explicit description of Tamagawa measures on D×(A) and A× as products of local measures
defined without reference to any gauge form. The constructed local measures coincide with those
from [57, Chapter 7.5]. For this, we fix a maximal order O in D and put Op = O ⊗Ok Okp
for each p ∈ Mfk and proceed as in [57, Chapter 7]. Fix a set of convergence factors (λν)ν
with λν = 1 if ν ∈ M∞k and λp = (1 − N(p)−1)−1 for p ∈ Mfk . First let us describe additive
measures. The Tamagawa measures on A and D(A) are given by µTamD(A) =
∏
ν∈Mk µ
Tam
D(kν)
and
µTamA =
∏
ν∈Mk µ
Tam
kν
. At a non-archimedean place the local measures µTamkp , µ
Tam
D(kp)
are defined as
the unique Haar measures giving masses |∆kp |1/2p , |∆kp |2p|∆D/kp |1/2p respectively to Okp and Op.
At an archimedean place ν, dµTamkν is defined as Lebesgue measure if kν ' R and if kν ' C and
z = x+ iy then dµTamkν (z) = 2dxdy. For the quaternion algebra we put dµ
Tam
D(kν)
(x) =
• 4dx1dx2dx3dx4 if D(kν) ' H and x = x1 + ix2 + jx3 + kx4;
• dx1dx2dx3dx4 if D(kν) 'M(2,R) and x =
(
x1 x2
x3 x4
)
;
• 16dx1x2 . . . dx8 if D(kν) 'M(2,C) and x =
(
x1 + ix2 x3 + ix4
x5 + ix6 x7 + ix8
)
.
The local multiplicative Tamagawa measures on D×(kν) and k×ν derived from the set of conver-
gence factors (λν)ν are given by dµ
Tam
k×ν
(a) = |a|−1ν dµTamkν and dµTamD×(kν)(x) = |n(x)|−2ν dµTamD(kν)(x)
respectively. We have to pay particular attention to the case kν ' C where the valuation |x|ν is the
square of complex modulus. The measures µTamD×(A) =
∏
ν∈Mk µ
Tam
D×(kν) and µ
Tam
A× =
∏
ν∈Mk µ
Tam
k×ν
are the Tamagawa measures derived from the set of convergence factors (λν)ν . Let us recall the
definitions of matching gauge form and matching Haar measures. Let
1 −−−−→ A ι−−−−→ B pi−−−−→ C −−−−→ 1,
be an exact sequence of algebraic or topological locally compacts groups. Let ωA, ωB , ωC be
invariant gauge forms on A,B,C. We say that ωA, ωB , ωC match together algebraically if ωB =
ι∗(ωA)∧pi∗(ωC). Let da, db, dc be Haar measures on A,B,C respectively. We say that dA, dB, dC
match together topologically if, for every integrable f∫
B
f(b)db =
∫
C
(∫
A
f(ac)da
)
dc.
To handle the canonical Tamagawa measure on PD×(A) we use
Proposition 9.2. [Weil, [66, Theorem 2.4.3]] Let G be a connected algebraic group defined over
k and let N be a normal closed subgroup. Put H = G/N . Let dg, dn, dh be left invariant gauge
forms on G,H,N respectively, defined over k and matching together algebraically (cf. [66, p 24]).
Let (aν)Mk , (bν)Mk , (cν)Mk be respective sets of factors such that aν = bνcν . Then:
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(1) If two of three sets (aν)Mk , (bν)Mk , (cν)Mk are sets of convergence factors, so is the third
one.
(2) If (1) holds then the measures (dx, (aν)Mk), (dn, (bν)Mk), (dh, (cν)Mk) match together topo-
logically.
For R = A or R = kν , ν ∈Mk consider the exact sequence
1 −−−−→ R× −−−−→ D×(R) −−−−→ PD×(R) −−−−→ 1
Define µTam
PD×(kν)
as the unique measure compatible with µTam
k×ν
on k×ν and µ
Tam
D×(kν) on D
×(kν). Then
the product measure
∏
ν∈Mk µ
Tam
PD×(kν)
is compatible with with µTamA× and µ
Tam
D×(A). By Proposition
9.2 ∏
ν∈Mk
µTamPD×(kν) = µ
Tam
PD×(A)
where µTam
PD×(A) is the canonical Tamagawa measure. Be definition (see Section 2.4) the standard
measure admits a similar decomposition
µstPD×(A) =
∏
ν∈Mk
µstPD×(kν).
It depends implicitly on the choice of maximal compact subgroup U of PD×(Af ).
To compute the standard volume of PD×(k)\PD×(A) we need to find the ratio
µTam
PD×(A)
µst
PD×(A)
=
∏
ν∈Mk
µTam
PD×(kν)
µst
PD×(kν)
.
The remaining part of this section is devoted to computations of local ratios.
Case D(kν) 'M(2,R). Put f(A) = e−pitrAAt |det(A)|2. Then∫
GL(2,R)
f(g)dµTamGL(2,R)(g) =
∫
R4
e−pi(x
2
1+x
2
2+x
2
3+x
2
4)dx1dx2dx3dx4 (9.1)
=
(∫
R
e−pix
2
dx
)4
= 1 (9.2)
(9.3)
By compatibility of µTamR× , µ
Tam
GL(2,R) and µ
Tam
PD×(R) the same integral may be rewritten as∫
GL(2,R)
f(g)dµTamGL(2,R)(g) =
∫
PGL(2,R)
(∫
R×
f(gt)
dt
|t|
)
dµTamPGL(2,R)(gR
×) (9.4)
=
∫
PGL(2,R)
(
|det g|2
∫
R×
e−pit
2(trggt)|t|3dt
)
dµTamPGL(2,R) (9.5)
=
1
pi2
∫
PGL(2,R)
|det g|2
(trggt)2
dµTamPGL(2,R)(gR
×) (9.6)
Hence
∫
PGL(2,R)
| det g|2
(trggt)2 dµ
Tam
PGL(2,R)(gR
×) = pi2. We integrate the same function against the stan-
dard measure. Choose the maximal compact subgroup K = PO(2,R) and write A for the subgroup
of positive diagonal matrices and N for the group upper triangular unipotent matrices. We have
the Iwasawa decomposition PGL(2,R) = NAK, which induces a diffeomorphism NA ' H2 given
explicitly by
NA 3
(
1 x
0 1
)(
y 0
0 1
)
7→ x+ iy ∈ H2.
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The function ϕ(g) = | det g|
2
(trggt)2 is right K-invariant so∫
PGL(2,R)
ϕ(g)dµstPGL(2,R)(g) =
∫
H2
ϕ(g)dgK (9.7)
=
∫
R
∫
R+
ϕ
((
y x
0 1
))
dydx
y2
(9.8)
=
∫
R
∫
R+
1
(1 + y2 + x2)2
dydx (9.9)
=
1
2
∫ 2pi
0
∫ ∞
0
r
(1 + r2)2
drdθ (9.10)
=
pi
2
(9.11)
It follows that µTamPGL(2,R)/µ
st
PGL(2,R) = 2pi
Remark 9.3. Using the same method one can show that
µTamPGL(n,R)/µ
st
PGL(n,R) =
pi
n2+n
4
2n−1Γ(1/2)Γ(2/2) . . .Γ(n/2)
.
Case D(kν) 'M(2,C). Put f(A) = e−pitrAA∗ |det g|4 where A∗ is the Hermitian transpose of
A. Note that for x ∈ kν , |x|ν = |x|2 i.e. the valuation ν is not the complex modulus but its square.
We have ∫
f(g)dµTamGL(2,C) =16
∫
R8
e−pi(x
2
1+...+x
2
8)dx1 . . . dx8 (9.12)
=16
(∫
R
e−pix
2
dx
)8
= 16 (9.13)
By compatibility we can rewrite this integral as∫
GL(2,C)
f(g)dµTamGL(2,C)(g) =
∫
PGL(2,C)
(∫
C×
f(gz)dµTamC× (z)
)
dµTamPGL(2,C)(g) (9.14)
=
∫
PGL(2,C)
(∫
C×
f(g(x+ iy))
2dxdy
x2 + y2
)
dµTamPGL(2,C)(g) (9.15)
=
∫
PGL(2,C)
(∫
R+
r
∫ 2pi
0
f(greiθ)
2dθdr
r2
)
dµTamPGL(2,C)(g) (9.16)
=
∫
PGL(2,C)
4pi|det g|4
(∫
R+
e−pir
2trgg∗r7dr
)
dµTamPGL(2,C)(g) (9.17)
=4pi
∫
PGL(2,C)
|det g|4Γ(4)
2pi4(trgg∗)4
dµTamPGL(2,C)(g) (9.18)
=
12
pi3
∫
PGL(2,C)
|det g|4
(trgg∗)4
dµTamPGL(2,C)(g) (9.19)
Hence
∫
PGL(2,C)
| det g|4
(trgg∗)4 dµ
Tam
PGL(2,C)(g) =
4pi3
3 . We compute the same integral against µ
st
PGL(2,C). Let
φ(g) = | det g|
4
(trgg∗)4 . Let K = PU(2), A be the group of positive diagonal matrices and let N the group
of upper triangular unipotents. We use the upper halfspace model to represent H3. Using the
Iwasawa decomposition we identify NA with H3 via the map(
1 x1 + ix2
0 1
)(
y 0
0 1
)
7→ (x1, x2, y) ∈ H3.
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The function φ is right K-invariant so∫
PGL(2,R)
φ(g)dµstPGL(2,C)(g) =
∫
H3
φ(g)dgK (9.20)
=
∫
R
∫
R
∫
R+
φ
((
y x1 + ix2
0 1
))
dydx1dx2
y3
(9.21)
=
∫
R
∫
R
∫
R+
y
(1 + y2 + x21 + x
2
2)
4
dydx1dx2 (9.22)
=
1
6
∫
R
∫
R
1
(1 + x21 + x
2
2)
2
dx1dx2 (9.23)
=
1
3
∫ 2pi
0
∫ ∞
0
r
(1 + r2)2
drdθ (9.24)
=
pi
6
(9.25)
Hence µTamPGL(2,C)/µ
st
PGL(2,C) =
4pi3
3
6
pi = 8pi
2
Case D(kν) ' H = R+ iR+ jR = kR. Put f(x) = e−pin(x)n(x)2. Then∫
H×
f(g)dµTamH× (g) =
∫
R4
e−pi(x
2
1+x
2
2+x
2
3+x
2
4)4dx1dx2dx3dx4 (9.26)
=4
(∫
R
e−pix
2
dx
)4
= 4 (9.27)
On the other hand:∫
H×
f(g)dµTamH× (g) =
∫
PH×
(∫
R×
f(gt)
dt
|t|
)
dµTamPH×(g) (9.28)
=
∫
PH×
(
n(g)2
∫
R×
e−pin(g)t
2 |t|3dt
)
dµTamPH×(g) (9.29)
=
∫
PH×
Γ(2)
pi2
dµTamPH×(g) (9.30)
=
1
pi2
VolTam(PH
×), (9.31)
so VolTam(PH
×) = 4pi2. Since the standard volume of a compact group is 1 we get µTam
PH×/µ
st
PH× =
4pi2.
We proceed to finite places where there are only 2 cases:
Case p ∈ Mfk and D(kp) ' M(2, kp). Let Op be the same maximal order of D(kp) as the one
used to define µTamD(kp). Up to conjugation we may assume Op = M(2,Okp). Define f : GL(2, kp)→
R by
f(g) =
{
|n(g)|2 if g ∈ Op
0 otherwise.
Then ∫
GL(2,kp)
f(g)dµTamGL(2,kp)(g) =
N(p)
N(p)− 1
∫
M(2,kν)
1Opdµ
Tam
M(2,kp)
(9.32)
=
N(p)
N(p)− 1 |∆kp |
2
p (9.33)
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By compatibility of Tamagawa measures we have∫
GL(2,kp)
f(g)dµTamGL(2,kp)(g) =
∫
PGL(2,kp)
(∫
k×p
f(gt)dµTam
k×p
(t)
)
dµTamPGL(2,kp)(g) (9.34)
=
∫
PGL(2,kp)
|∆kp |1/2p |n(g)|2pN(p)
N(p)− 1
(∫
kp
1Op(gt)|t|3pdt
)
dµTamPGL(2,kp)(g).
(9.35)
Here dt stands for Haar measure on kp giving mass 1 to Okp . Let us write ‖g‖p for the maximal
valuation of coefficients of g. That is ‖g‖p := ming∈tOp |t|p or ‖g‖p = N(p)−k where k = min{i |
g ∈ piiOp}. We have
N(p)
N(p)− 1
∫
kp
1Op(gt)|t|3pdt =
N(p)
N(p)− 1
∑
n∈Z
1Op(gpi
n)|pi|3np Vol(pinO×kp) (9.36)
=
∑
n∈Z
1Op(gpi
n)N(p)−4n (9.37)
=
∞∑
n=−k
N(p)−4n =
N(p)k
1−N(p)−4 =
‖g‖4p
1−N(p)−4 . (9.38)
We deduce that∫
PGL(2,kp)
|det g|2
‖g‖4p
dµTamPGL(2,kp) =|∆kp |
3/2
p (1−N(p)−4)(1−N(p)−1)−1. (9.39)
Let us compute the same integral against the standard measure. We will assume some familiarity
with Bruhat-Tits trees. The standard measure depends on the choice of a maximal compact
subgroup so let us start with Up = PGL(2,Okp). Function g 7→ | det g|
2
p
‖g‖4p is bi Up-invariant so∫
PGL(2,kp)
|det g|2
‖g‖4p
dµstPGL(2,kp) =
∑
g∈PGL(2,kp)/Up
|det g|2p
‖g‖4p
(9.40)
The cosets PGL(2, kp)/Up may be identified with vertices of the Bruhat-Tits tree X(SL(2,Kp).
Let v0 be the vertex stabilized by Up and put φ(gv0) =
| det g|2p
‖g‖4p . Because of bi-Up invariance the
value of φ(v) depends only on the Up orbit of v, but by Cartan decomposition the latter depends
only on the distance to v0. More precisely the set of vertices v with d(v, v0) = n is a single Up
orbit of size N(p)n−1(N(p) + 1) or 1 if n = 0, with a representative
(
pin 0
0 1
)
v0. Consequently
∑
g∈PGL(2,kp)/Up
|det g|2p
‖g‖4p
=1 + (N(p) + 1)
∞∑
n=1
N(p)n−1N(p)−2n (9.41)
=1 + (N(p) + 1)
∞∑
n=0
N(p)−n−2 (9.42)
=(1 +N(p)−2)(1−N(p)−1)−1 (9.43)
Hence
µTamPGL(2,kp)
µstPGL(2,kp)
= |∆kp |3/2p (1−N(p)−2).
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If Up 6' PGL(2,Okp) then [PGL(2,Okp) : Up] = N(p)+12 so in this case
µTamPGL(2,kp)
µstPGL(2,kp)
=
2|∆kp |3/2p
N(p) + 1
(1−N(p)−2).
Case p ∈ RamfD. Recall that in this case Op = {x ∈ D(kν) | |n(x)|p ≤ 1}. We define
f : D(kp)→ R by the same formula as in the split case. By Lemma 3.7 we have∫
D×(kp)
f(g)dµTamD×(kp)(g) = |∆kp |2p|∆D/kp |
1/2
p
N(p)
N(p)− 1 =
|∆kp |2p
N(p)− 1 . (9.44)
By compatibility of Tamagawa measures we have∫
D×(kp)
f(g)dµTamD×(kp) =
∫
PD×(kp)
(∫
k×p
f(gt)dµTam
k×p
(t)
)
dµTamPD×(kp)(g) (9.45)
=
∫
PD×(kp)
(∫
k×p
f(t)dµTam
k×p
(t)
)
dµTamPD×(kp) (9.46)
(9.47)
Let PD×(kp) = A ∪B where A = {xk×p | |n(x)|p ∈ N(p)2Z} and B = {xk×p | |n(x)|p ∈ N(p)2Z+1}.
Then VolTam(A) = VolTam(B) =
1
2VolTam(PD
×(kp)). We have∫
A
(∫
k×p
f(t)dµTam
k×p
(t)
)
dµTamPD×(kp) = VolTam(A)
(
|∆kp |1/2p N(p)
N(p)− 1
∫
Okp
|t|3pdt
)
, (9.48)
=
Vol(PD×(kp))
2
|∆kp |1/2p
1−N(p)−4 (9.49)∫
B
(∫
k×p
f(t)dµTam
k×p
(t)
)
dµTamPD×(kp) =
Vol(PD×(kp))
2
|∆kp |1/2p N(p)−2
1−N(p)−4 (9.50)∫
D×(kp)
f(g)dµTamD×(kp) =Vol(PD
×(kp))
|∆kp |1/2p
2(1−N(p)−2) (9.51)
(9.52)
It follows that VolTam(PD
×(kp)) =
2|∆kp |3/2p
N(p)−1 (1−N(p)−2).
Proposition 9.4. Let D be an admissible quaternion algebra defined over k i.e. one that can
be used to construct arithmetic lattices in PGL(2,K),K = R,C. Let U be a maximal compact
subgroup of PD×(Af ) and let µstPD×(A) be the standard measure relative to U . Denote by S the set
finite places p such that Up 6' PGL(2,Okp). The standard volume of PD×(k)\PD×(A) equals
2|∆k|3/2ζk(2)
∏
p∈RamfD(N(p)− 1)
∏
p∈S\RamfD(N(p) + 1)
2pi(4pi2)[k:Q]−12|S|
, (9.53)
if K = R and
2|∆k|3/2ζk(2)
∏
p∈RamfD(N(p)− 1)
∏
p∈S\RamfD(N(p) + 1)
8pi2(4pi2)[k:Q]−22|S|
, (9.54)
if K = C.
Proof. We just need to put together the local ratio computations with Theorem 9.1. 
Using Corollary 4.22 we get:
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Corollary 9.5. With U as before let V be an open subgroup of U . Then
Vol(ΓV \H2) = [U : V ]|cl (V )|
|∆k|3/2ζk(2)
∏
p∈RamfD(N(p)− 1)
∏
p∈S\RamfD(N(p) + 1)
pi(4pi2)[k:Q]−12|S|
, (9.55)
if K = R and
Vol(ΓV \H3) = [U : V ]|cl (V )|
|∆k|3/2ζk(2)
∏
p∈RamfD(N(p)− 1)
∏
p∈S\RamfD(N(p) + 1)
4pi2(4pi2)[k:Q]−22|S|
, (9.56)
if K = C.
9.2. Volumes of algebraic tori. Let l be a quadratic extension of a number field k and let
T = Res 1l/kGm be the norm torus. In this section we prove an upper bound on the volume of
T (k)\T (A) with respect to the standard measure (see Section 2.4). We will start with an exact
formula for the volume which is probably well known to experts. For a representation ρ of the
Galois group Gal(k/k) the function Λ(s, ρ) denotes the completed Artin L-function
Proposition 9.6. Let χl/k be the unique nontrivial character of the Galois group l/k. We have
Volst(T (k)\T (A)) =
2Λ(1, χl/k)
2ae(l/k)
,
where a = r1,l − r1,k + r2,l − r2,k and e(l/k) =
∏
p∈Mfk e(lp/kp) is the global ramification index.
The idea of the proof is to see T as a subgroup of PGL(2, k) and consider the period integral
of an Eisenstein series along T (k)\T (A). The residue of Eisenstein series at 1 is constant so it
is enough to compute the residue of the integral to determine the volume of T (k)\T (A). Before
moving to the proof we will show a simple lemma on compatibility of standard measures on certain
algebraic tori:
Lemma 9.7. Let k be a number field and l/k a finite extension. Put T = Res l/kGm/Gm so that
T (k) ' l×/k× canonically. Then T (A) ' A×l /A× and for every function f ∈ Cc(A×l ) we have∫
A×l
f(g)dµstA×l
= e(l/k)
∫
T (A)
(∫
A×
f(gt)dµstA×(t)
)
dµstT (A)(g),
where e(l/k) =
∏
p∈Mfk e(lp/kp) is the product of local ramification indices.
Proof. It is clear that the lemma will follow from the corresponding local statement: For any
ν ∈Mk and some f ∈ Cc(l×ν ) we have∫
l×ν
f(g)dµst
l×ν
= e(lν/kν)
∫
T (kν)
(∫
k×ν
f(gt)dµst
k×ν
(t)
)
dµstT (kν)(g),
with e(lν/kν) defined to be 1 for all archimedean places.
If the extension lν/kν is split i.e. lν ' k2ν then the assertion is clear. If lν ' C and kν ' R then
the desired inequality may be shown by integrating the characteristic function of an annulus. It
remains to treat the case p ∈Mfk and lp quadratic extension of kp. Put f = 1O×lp . The group O
×
lp
is the maximal compact subgroup of l×p so∫
l×p
f(g)dµst
l×p
(g) = 1.
On the other hand∫
l×p /k
×
p
(∫
k×p
f(tg)dµst
k×p
)
dµst
l×p /k
×
p
(g) =
∫
l×p /k
×
p
{
1 if |g|p ∈ |k×p |p
0 otherwise
dµst
l×p /k
×
p
(g) (9.57)
=e(lp/kp)
−1 (9.58)
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
Proof of Proposition 9.6. Note that T ' Res l/kGm/Gm so T (k) ' l×/k×. Fix an isomorphism
l ' k2. Multiplication by an element of l× gives rise to an embedding l× ↪→ GL(2, k) which
induces an embedding T (k) ↪→ PGL(2, k). From now on think of T as of subgroup of PGL(2, k).
To compute the standard volume Volst(T (k)\T (A)) we consider a period integral
P (s) :=
∫
T (k)\T (A)
E(s, g)dµstT (A)(g),
where E(s, g) is an explicit Eisenstein series that we are going to define shortly. The residue of
E(s, g) in s = 1 is a constant function on PGL(2, k)\PGL(2,A) so
Volst(T (k)\T (A)) = ress=1P (s)
ress=1E(s, g)
.
We will choose E(s, g) in such a way that P (s) = Cξl(s) i.e. a constant times the completed
zeta function of l. Let P be the parabolic subgroup consisting of upper triangular matrices in
PGL(2, k). Put
E(s, g) =
∑
γ∈P (k)\PGL(2,k)
τ(γg, s),
where
τ(g, s) = ‖detg‖sA
∫
A×
g0((0, 1)tg)‖t‖2sA dµTamA× (t),
where g0 : A2 ' Al → C is defined as in [39, p. 298] for the number field l. With this
choice of τ the Eisenstein series E(s, g) have simple poles on 0 and 1 with residues respectively
− 12VolTam(A1/k×)g0(0) and 12VolTam(A1/k×)gˆ0(0).
It remains to compute the period integral. We follow the notes by Paul Garrett (”Standard
Period of Eisenstein Series” available on his website) on periods of Eisenstein series but keep track
of all the multiplicative constants.
P (s) =
∫
T (k)\T (A)
E(s, g)dµstT (A)(g) (9.59)
=
∫
T (k)\T (A)
∑
γ∈P (k)\PGL(2,k)
τ(γg, s)dµstT (A)(g) (9.60)
=
∫
T (A)
τ(γg, s)dµstT (A)(g) (9.61)
The last transition holds because T (k) acts freely transitively on l×/k× ' P1(k) = P (k)\PGL(2, k).
We unwind the expression for τ and use compatibility of Tamagawa measures to get:∫
T (A)
‖detg‖sA
∫
A×
g0((0, 1)tg)‖t‖2sA dµTamA× (t)dµstT (A)(g) (9.62)
=
µstT (A)
µTamT (A)
∫
T (A)
∫
A×
g0((0, 1)tg)‖tg‖sA×l dµ
Tam
A× (t)dµ
Tam
T(A)(g) (9.63)
=
µstT (A)
µTamT (A)
∫
A×l
g0((0, 1)a)‖a‖×AldµTamA×l (a). (9.64)
By [39, Corollary 3, p.300] the integral is equal to ξl(s) – the completed zeta function of l. Let
r1,k, r1,l denote the number of real places of k, l respectively and r2,k, r2,l the number of complex
places of k, l respectively. In explicit terms
ξl(s) = (2
−2r2,lpi−[l:Q]|∆l|)s/2Γr1,l(s/2)Γr2,l(s)ζl(s).
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On the other hand by [39, Proposition 11, p. 298] g0(0) = gˆ0(0) = |∆l|1/2(2pi)−r2,l and VolTam(A1/k×) =
ress=1ζk(s) = ρk so
ress=1E(s, g) = ρk|∆l|1/2(2pi)−r2,l2−1. (9.65)
We turn to the residue of the period integral. By Lemma 9.7 we have
µstT (A)
µTamT (A)
=
µstA×l
µTamA×l
µTamA×
µstA×
e(l/k)−1 (9.66)
=
|∆l|1/2
2r1,l(4pi)r2,l
2r1,k(4pi)r2,k
|∆k|1/2 e(l/k)
−1 (9.67)
=
|∆k|1/2|Nk/Q(∆l/k)|1/2
2r1,l−r1,k(4pi)r2,l−r2,ke(l/k)
. (9.68)
We put the formulas together to get
Volst(T (k)\T (A)) =2
|∆k|1/2|Nk/Q(∆l/k)|1/2ρlρ−1k
2r1,l−r1,k+r2,l−r2,k(2pi)r2,l−r2,ke(l/k)
(9.69)
=2
Λ(1, χl/k)
2ae(l/k)
, (9.70)
where a = r1,l − r1,k + r2,l − r2,k. 
In the following proposition we assume that the lattice is of the form ΓV and fA is as in Section
4.5 with suppf ∈ B(1, R).
Proposition 9.8. Let γ be a non-torsion element in an arithmetic lattice Γ in PGL(2,K), such
that Oγ(fA) 6= 0. Let D be the quaternion algebra used to define Γ and let k be its field of definition.
Let T be the centralizer of γ in PD×(k). Then
Volst(T (k)\T (A))ε,R |∆k|
1/2+ε
(2pi)[k:Q]
.
Proof. By virtue of Proposition 9.6 and the fact that for admissible quaternion algebras a = 1 it
is enough to show that
|Λ(1, χl/k)| ε |∆k|
1/2+ε
(2pi)[k:Q]
(9.71)
The function Λ(s, χl/k) is symmetric with respect to transformation s 7→ 1 − s and bounded in
vertical strips ( [17, Theorem 3.1.2]). Hence, by the maximum principle, we have
|Λ(1, χl/k)| ≤ sup
t∈R
|Λ(1 + δ + it, χl/k)|, (9.72)
for any δ > 0. Choose δ > 0 such that 2δΓ(1 + δ/2) ≤ 60ε/3. For K = R we have r1,k = [k :
Q], r2,k = 0 and r1,l = 2, r2,l = [k : Q]− 1. For simplicity we put d = [k : Q]. We have
|Λ(1+δ+it, χl/k)| =
(
2−2(d−1)pi−d∆kNk/Q(∆l/k)
) 1+δ
2 |Γ(1 + δ + it)|d−1
|Γ( 1+δ+it2 )|d−2
|L(1+δ+it, χl/k)|. (9.73)
Using Legendre’s duplication formula Γ(z)Γ(z + 12 ) = 2
1−2z√piΓ(2z) we get∣∣∣∣∣Γ(1 + δ + it)Γ( 1+δ+it2 )
∣∣∣∣∣ =
∣∣∣∣2δΓ(1 + δ2 + it2 )
∣∣∣∣pi−1/2 (9.74)
≤2δΓ(1 + δ
2
)pi−1/2 (9.75)
≤60ε/3pi−1/2 (9.76)
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Odlyzko’s lower bound [48] on the discriminant ∆k yields
18
|Γ(1 + δ + it)|d−1
|Γ( 1+δ+it2 )|d−2
 |∆k|ε/3pi−d/2. (9.77)
Now we estimate the absolute value of Nk/Q(∆l/k). The relative discriminant ∆l/k is defined as
the ideal of Ok generated by the set{
det
(
a b
aσ bσ
)2
| a, b ∈ Ol
}
(9.78)
Let λ be one of non zero eigenvalues of Adγ. By choosing a = 1, b = λ we get
Nk/Q(∆l/k) ≤|Nk/Q((λ− λσ)2)| = Nl/Q(λ− λ−1) (9.79)
=Nl/Q(1− λ2). (9.80)
We have used the fact that λσ = λ−1 and that λ is a unit in Ol (see the proof of Proposition 3.5).
By Lemma 6.9 non vanishing of Oγ(f) implies that m(λ) ≤ R so m(λ2) ≤ 2R. By Corollary 5.2
we have Nl/k(1− λ2)R exp(o([k : Q])). Consequently
|Nk/Q(∆l/k)|  exp(o([k : Q])) |∆k|ε/3. (9.81)
By Corollary 5.5 we also have
|L(1 + δ + it, χl/k)| =
∏
p∈Mfk
∣∣∣∣1− χl/k(p)N(p)1+δ+it
∣∣∣∣−1 (9.82)
≤ |ζk(1 + δ)| = exp(o([k : Q])) |∆k|ε/3. (9.83)
Note that at this point we crucially use the fact that γ is not torsion as otherwise we can not say
that the Weil height goes to 0 as the degree [k : Q] grows. Putting everything together we get
|Λ(1, χl/k)| ε |∆k|
1/2+ε
(2pi)[k:Q]
. (9.84)

10. Proof of Strong Limit Multiplicity
In this section we prove Theorem 1.8 stating that for a uniform torsion free arithmetic congruence
lattice Γ in PGL(2,K),K = R,C and any f ∈ Cc(PGL(2,K)) supported in the ball B(1, R) we
have
|trRΓf − f(1)Vol(Γ\PGL(2,K))| R ‖f‖∞Vol(Γ\PGL(2,K))1−a, (10.1)
for some absolute constant a > 0. We start with a lower bound on the covolume of a maximal
arithmetic lattice.
Proposition 10.1. Let R > 0. Let Γ = ΓU be a maximal arithmetic lattice in PGL(2,K) with
the trace field k and associated quaternion algebra D defined over k. Write S for the set of finite
places p of k where Up 6' PGL(2,Okp). Then either Γ does not contain any non-torsion elements
γ with [γ]PGL(2,K) ∩B(1, R) 6= ∅ or
Vol(Γ\PGL(2,K)) |∆k|0.044
∏
p∈RamfD
N(p)− 1
2
∏
p∈S\RamfD
N(p) + 1
2
. (10.2)
18Here we could use as well Minkowski’s weaker bound.
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Proof. Suppose that there exists γ ∈ Γ of infinite order, such that [γ]PGL(2,K) ∩ B(1, R) 6= ∅. By
Corollary 9.5, (10.2) reduces to the estimate
|∆|0.044k 
|∆k|3/2ζk(2)
|cl (U)|(2pi)2[k:Q] .
Let us start by bounding |cl (U)|. By Lemma 4.20 we have |cl (U)| = |A×f /(A×f )2k×Dn(U). From
Equation 4.2 we deduce that n(U) contains the group A∞f
×/(A∞f
×)2. In particular cl (U) is a
quotient of the narrow class group cl +(k). It is well known that |cl +(k)| ≤ 2[k:Q]|cl (k)| so we can
deduce that |cl (U)| ≤ 2[k:Q]|cl (k)|. It remains to find a good upper bound on the class number
|cl (k)|. Recall that we write Rk for the regulator of k. The analytic proof of the Brauer-Siegel
theorem (see [39] or Section 9.2) yields the estimate
|cl (k)|Rk ε |∆k|1/2+ε/2|ζk(1 + ε/2)|. (10.3)
Let λ, λ−1 be the non-trivial eigenvalues of γ. By Lemma 6.9 we know that k ⊂ Q(λ), [O(λ) : k] ≤ 2
and the logarithmic Mahler measure of λ satisfies m(λ) ≤ R. We apply Corollary 5.5 to get
|ζk(1 + ε/2)| = exp(oε([k : Q])). We combine it with the inequality 10.3 to get
|cl (U)| ≤ |cl (k)|2[k:Q] ε 2[k:Q]|∆k|1/2+εR−1k . (10.4)
We invoke a lower bound on regulator due to Zimmert [68]. It states that Rk  exp(0.46r1,k +
0.1r2,k) where r1,k and r2,k are the numbers of respectively real and complex places of k. In our
case we get Rk  exp(0.46[k : Q]) > 1.58[k:Q] because all places of k except possibly 1 are real.
We get
|∆k|3/2ζk(2)
|cl (U)|(2pi)2[k:Q] 
|∆k|1−εRk
2[k:Q](2pi)2[k:Q]
(10.5)
|∆k|
1−ε
50[k:Q]
. (10.6)
Using Odlyzko’s lower bound 19 |∆k|  60[k:Q] (see [48]) we can estimate the last expression by
|∆k|1−log 50/ log 60−ε ≥ |∆k|0.0445−ε. To end the proof we note that we can take ε ≤ 0.0005. 
Proof of Theorem 1.8. Without loss of generality we may assume that ‖f‖∞ ≤ 1. Write Γ = ΓV
for an open compact subgroup V of PD×(Af ) and let ΓU , V ⊂ U be a maximal lattice containing
Γ. By Theorem 4.21 and Corollary 4.22 we have
trRΓf − f(1)Vol(Γ\PGL(2,K)) =
∑
1 6=[γ]∈PD×(k)
Vol(PD×γ (k)\PD×γ (A))ΞVγ (fA). (10.7)
Since Γ is torsion free we can sum only over the non-torsion conjugacy classes. Using Lemma 4.26
we get a bound
|trRΓf − f(1)Vol(Γ\PGL(2,K))| ≤ (10.8)∑
[γ]∈PD×(k)
γ torsion free
Vol(PD×γ (k)\PD×γ (A))
2|Oγ(fA∞)|
|cl (V )|
∑
ρ∈Irr(U)
dimWVρ |Oγ(χρ)|. (10.9)
19Note that at this point we use the full strength of Odlyzko’s bound, Minkowski’s basic bound is not sufficient.
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By virtue of Proposition 9.8 the adelic volume Vol(PD×γ (k)\PD×γ (A)) is uniformly bounded20 for
conjugacy classes [γ] for which the orbital integral does not vanish. We get
|trRΓf − f(1)Vol(Γ\PGL(2,K))| R,ε
∑
[γ]∈PD×(k)
γ torsion free
|∆k|1/2+ε
(2pi)[k:Q]
|Oγ(fA∞)|
|cl (V )|
∑
ρ∈Irr(U)
dimWVρ |Oγ(χρ)|.
(10.10)
If the orbital integral Oγ(f∞) does not vanish then the conjugacy class of γ intersects the ball
B(1, R). Hence m(γ) ≤ R. By Theorem 7.2 the number of such classes is of order exp(O(log2[k :
Q])) = exp(o([k : Q]) |∆k|ε. We get
|trRΓf − f(1)Vol(Γ\PGL(2,K))| R,ε |∆k|
1/2+2ε
(2pi)[k:Q]
|Oγ(fA∞)|
|cl (V )|
∑
ρ∈Irr(U)
dimWVρ |Oγ(χρ)|. (10.11)
From Corollary 6.10 we deduce the bound |Oγ(f∞)| = exp(of ([k : Q])) and from Proposition 6.15
for any δ > 0 and Γ torsion free we have
|Oγ(χ)| ≤ χ(1)1−δ exp(of,δ([k : Q]))2δ|S|, (10.12)
where S is the set of finite places where Up 6' PGL(2,Okp). Note that by Minkowski’s bound
exp(oR,δ([k : Q]))R,δ,ε |∆k|ε. We apply those inequalities to get
|trRΓf − f(1)Vol(Γ\PGL(2,K))| R,δ,ε 2δ|S| |∆k|
1/2+3ε
(2pi)[k:Q]|cl (V )|
∑
ρ∈Irr(U)
dimWVρ χ(1)
1−δ (10.13)
Pick b ∈ R such that ζ∗U (b − 1) converges and let a = δ/(b + 1). Write ρ : U → Uab for the
abelianization map. Using the exact same argument as one in the proof of Lemma 8.2 (2) we get
|trRΓf − f(1)Vol(Γ\PGL(2,K))| R,δ,ε 2|S| |∆k|
1/2+3ε
(2pi)[k:Q]|cl (V )| [U : V ]
1−aζ∗U (b− 1)a[Uab : ρ(V )]a.
(10.14)
Lemma 10.2. Assume the lattice ΓU contains a non-torsion element γ such that Oγ(fA) 6= 0.
Then for c = 46 > 2/0.044 we have ζ∗U (7)[U
ab : ρ(V )] Vol(ΓU\PGL(2,K))c |cl (V )||cl (U)| .
Proof. Let us write S for the set of finite places p where Up 6' PGL(2,Okp). By Corollary 8.5 and
Proposition 8.6 we have
ζ∗U (7)[U
ab : ρ(V )]
|cl (U)|
|cl (V )|  ζk(2)
∏
p∈S
(N(p) + 1)23[k:Q]+|S||cl (k)|. (10.15)
We have shown in the proof of Proposition 10.1 that |cl (k)|  [∆k|1/2+ε. By Proposition 10.1 we
get
Vol(Γ\PGL(2,K)) |∆k|0.044
∏
p∈RamfD
N(p)− 1
2
∏
p∈S\RamfD
N(p) + 1
2
. (10.16)
20 independently of Γ and γ.
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c > 2/0.044 so 0.044c ≥ max{ 12 + 2ε+ 3 log 2log 60 , 2} for ε small enough. Then Odlyzko’s lower bound
yields21
Vol(Γ\PGL(2,K))c |∆k| 12 +2ε+3
log 2
log 60
∏
p∈RamfD
(
N(p)− 1
2
)2 ∏
p∈S\RamfD
(
N(p) + 1
2
)2
(10.17)
≥|∆k| 12 +ε23[k:Q]|∆k|ε
∏
p∈S
(
N(p)− 1
2
)2
. (10.18)
By Theorem 5.4 we get that
∏
p∈S (N(p) + 1) ≥ exp(oR([k : Q]))32|S| and we always have∏
p∈S (N(p)− 1) ≥
∏
p∈S
N(p)+1
2 . It follows that
|∆k|ε
∏
p∈S
(
N(p)− 1
2
)2
≥|∆k|ε
∏
p∈S
(N(p) + 1)
∏
p∈S
N(p) + 1
16
(10.19)
≥|∆k|ε exp(oR([k : Q]))
∏
p∈S
(N(p) + 1) 2|S| (10.20)
Rζk(2)2|S|
∏
p∈S
(N(p) + 1) . (10.21)
In the last passage we have used the Corollary 5.5 together with Minkowski’s lower bound on the
discriminant. Finally we conclude that
Vol(Γ\PGL(2,K))c R ζk(2)|∆k| 12 +ε23[k:Q]+|S|
∏
p∈S
(N(p) + 1)R ζ∗U (7)[Uab : ρ(V )]
|cl (U)|
|cl (V )| .
(10.22)
The lemma follows. 
Lemma 10.3. Suppose that ΓU contains a non-torsion semisimple element γ such that Oγ(fA) 6=
0. Then for any ε > 0
2|S| R Vol(ΓU\PGL(2,K))ε
Proof. By Proposition 10.1
Vol(ΓU\PGL(2,K))
∏
p∈S
N(p)− 1
2
(10.23)
From Theorem 5.4 we infer that
2|S| =
∏
p∈S
N(p)− 1
2
o(1) , (10.24)
which proves the Lemma. 
We return to the proof of Strong Limit Multiplicity. We use Lemma 10.2 and Lemma 10.3:
|trRΓV f − f(1)Vol(Γ\PGL(2,K))| R,δ,ε
|∆k|1/2+3ε[U : V ]1−a
(2pi)[k:Q]|cl (V )| Vol(ΓU\PGL(2,K))
ac+ε
( |cl (V )|
|cl (U)|
)a
(10.25)
R,δ,ε |∆|
1/2+3ε[U : V ]1−a|cl (U)|1−a
(2pi)[k:Q]|cl (U)||cl (V )|1−a Vol(ΓU\PGL(2,K))
ca+ε
(10.26)
21With a bigger c this part of the argument would work with Minkowski’s bound .
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By Corollary 4.22 we have
[U : V ]|cl (U)|
|cl (V )| =
Vol(ΓV \PGL(2,K))
Vol(ΓU\PGL(2,K)) . (10.27)
Hence
|trRΓV f − f(1)Vol(Γ\PGL(2,K))| R,δ,ε
|∆k|1/2+3ε
(2pi)[k:Q]|cl (U)|
Vol(ΓV \PGL(2,K))1−a
Vol(ΓU\PGL(2,K))1−a−ca−ε (10.28)
By Corollary 9.5 we have |∆k|
1/2+3ε
(2pi)[k:Q]|cl (U)| R Vol(ΓU\PGL(2,K))1/3+2ε. Therefore
|trRΓV f − f(1)Vol(Γ\PGL(2,K))| R,δ,ε
Vol(ΓV \PGL(2,K))1−a
Vol(ΓU\PGL(2,K))2/3−3ε−a−ca (10.29)
For δ and ε small we will have 2/3− 3ε− a− ca ≥ 0 so finally
|trRΓV f − f(1)Vol(Γ\PGL(2,K))| R,δ,ε Vol(ΓV \PGL(2,K))1−a, (10.30)
this proves the Strong Limit Multiplicity property for torsion free, cocompact arithmetic congru-
ence lattices. Recall that in Lemma 10.2 for ε small enough we can take c = 46 so the inequality
works with a = 0.014 < 23·47 − 2ε47 . 
11. Proof of Strong Benjamini-Schramm Convergence
The aim of this section is to prove Theorem 1.9. Let Γ = ΓV be a congruence arithmetic
lattice in PGL(2,K) as defined in Section 4.5. The case of non-uniform arithmetic lattices22 was
treated in [55, Theorem A] so we may assume that Γ is a uniform lattice. Throughout this section
the Haar measure on PGL(2,K) is the standard measure (see Section 2.4). Fix an identification
X ' PGL(2,K)/K where K is a maximal compact subgroup of PGL(2,K). Choose a bi K-
invariant metric on PGL(2,K) such that the quotient metric on X coincides with the Riemannian
metric.
Proof of Theorem 1.9. To prove the Strong Benjamini-Schramm convergence we need to show that
for every R > 0 we have
Vol((Γ\X)<R)R Vol(Γ\X)1−a (11.1)
for some absolute positive constant a ≥ 0.014. To this end we apply Theorem 1.8 to the lattice Γ
and the bi-K-invariant function f = 1B(K,R) - the characteristic function of the set of points at
length at most R from K. This function is not continuous but it can be approximated from above
by continuous compactly supported functions so the estimate from Theorem 1.8 is still valid. We
have
|trRΓf −Vol(Γ\PGL(2,K))| R Vol(Γ\PGL(2,K))1−a. (11.2)
Since we are working with standard measure we have Vol(Γ\PGL(2,K)) = Vol(Γ\X)). On the
other hand unfolding the proof of Selberg Trace formula for compact quotients (see e.g. [2, p. 9,
second equality]) gives
trRΓf =
∫
Γ\PGL(2,K)
∑
γ∈Γ
f(x−1γx)dx (11.3)
=
∫
Γ\X
|{B(K,R) ∩ x−1Γx}|dx. (11.4)
=Vol(Γ\X) +
∫
Γ\X
[|{B(K,R) ∩ x−1Γx}| − 1] dx (11.5)
22If K = R they are defiend over Q and if K = C the are defined over a quadratic imaginary number field.
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The last two integrals are well defined because of the bi-K invariance of the metric on PGL(2,K)
and the last one is non-negative. The set of points x ∈ X whose injectivity radius is smaller than
R can be described as {xK ∈ X | |B(K,R) ∩ x−1Γx| ≥ 2}. Hence
trRΓf −Vol(Γ\PGL(2,K)) ≥ Vol((Γ\X)<R). (11.6)
By Strong Limit Multiplicity Vol((Γ\X)<R)R Vol(Γ\X)1−a for some absolute positive constant
a ≥ 0.014. This ends the proof of Strong Benjamini-Schramm convergence for cocompact, torsion
free, congruence arithmetic lattices. 
Remark 11.1. This argument is very general and can be used to show that the Limit Multiplicity
property implies property B–S for arbitrary sequences of cocompact lattices in any semisimple Lie
group G.
Proof of Theorem 1.11. Let Γ be a torsion free arithmetic lattice with the trace field k. Like in the
in the argument above it is enough to show that for some positive constant c and for f = 1B(1,R)
we have
trRΓf −Vol(Γ\PGL(2,K))R Vol(Γ\PGL(2,K))|∆k|−c (11.7)
We cannot apply Theorem 1.8 directly because we do not assume that Γ is a congruence lattice.
Let Γ′ be a maximal lattice containing Γ. Maximal lattices are all congruence lattices of form
Γ′ = ΓU so by the proof of Theorem 1.8 we have∑
[γ]Γ′
not torsion
Vol(Γ′γ\PGL(2,K)γ)Oγ(f)R Vol(Γ′\PGL(2,K))1−a. (11.8)
The function f is non-negative and every conjugacy class in Γ′ splits into at most [Γ′ : Γ]/[Γ′γ : Γγ ]
conjugacy classes in Γ. It follows that
trRΓf −Vol(Γ\PGL(2,K)) =
∑
[γ]Γ
Vol(Γγ\PGL(2,K)γ)Oγ(f) (11.9)
≤[Γ′ : Γ]
∑
[γ]Γ′
not torsion
Vol(Γ′γ\PGL(2,K)γ)Oγ(f) (11.10)
R[Γ′ : Γ]Vol(Γ′\PGL(2,K))1−a (11.11)
=Vol(Γ\PGL(2,K))Vol(Γ′\PGL(2,K))−a. (11.12)
Now we consider two cases. Either Γ does not contain any non-torsion conjugacy classes [γ] such
that [γ]PGL(2,K) intersects a ball of radius R or by Proposition 10.1 we have
Vol(Γ′\PGL(2,K))R |∆k|0.044
∏
p∈RamfD
N(p)− 1
2
. (11.13)
By Theorem 5.4 the product
∏
p∈RamfD
N(p)−1
2 is bounded from below by exp(−o([k : Q])) so by
Odlyzko’s bound23 we get
Vol(Γ′\PGL(2,K))R |∆k|0.043. (11.14)
This proves the theorem with c = 0.043a ≥ 0.0006. 
Now we can prove Corollary 1.12.
23 Alternatively we could use Minkowski’s lower bound.
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Proof. Put f = 1B(1,R). Let (Γi)i∈N be a sequence of cocompact arithmetic (not necessarily
congruence) lattices in PGL(2,K). By Theorem 1.11 either (Γi)i∈N has property B–S or infinitely
many lattices share the same trace field, say k. For the sake of the proof we may assume that the
trace field of all Γi’s is equal to k and the lattices are pairwise non commensurable. Let Di be
the quaternion algebra defined over the field k determining the commensurability class of Γi (see
Section 4.1). Let Γ′i be a maximal lattice containing Γi. From the inequalities (11.9)–(11.13) we
get
Vol((Γi\PGL(2,K)<R) ≤trRΓif −Vol(Γi\PGL(2,K)) (11.15)
k,RVol(Γi\PGL(2,K))Vol(Γ′i\PGL(2,K))−a (11.16)
k,RVol(Γi\PGL(2,K))
 ∏
p∈RamfDi
2
N(p)− 1
a . (11.17)
We know that the isomorphism class of Di is uniquely determined by the set RamDi. Hence
limi→∞ |RamDi| =∞ and
lim
i→∞
Vol((Γi\PGL(2,K)<R)
Vol(Γi\PGL(2,K)) = 0. (11.18)

12. Applications
12.1. Gelander conjecture. The entirety of this section is devoted to Theorem 1.16.
Proof of Theorem 1.16. Let Γ ⊂ PGL(2,C) be a torsion free arithmetic lattice with the trace field
k. Put M = Γ\H3. Gelander already proved the conjecture for non-uniform arithmetic lattices
so we shall assume that Γ is uniform24 . Following the method from [32] we will construct a
simplicial complex N homotopic to M as a nerve of a covering of M by certain balls. We are able
to bound the number of simplices in N because both the size of the thin part of the manifold and
its injectivity radius can be controlled by the degree [k : Q]. Let ε be the Margulis constant for
H3.
For x ∈ Γ\H3 or x ∈ H3 we will write B(x,R) for the ball of radius R centered in x. Define
i(x) = min{injradx, 1} for x ∈M . Let B be a maximal with respect to inclusion set of points in M
satisfying the following conditions: For any distinct x, y ∈ B we haveB(x, i(x)/16)∩B(y, i(y)/16) =
∅ (B(x, i(x)/16) is to be replaced by B2x if x ∈ C) .
Claim 1. ⋃
c∈C
B1c ∪
⋃
x∈B
B(x, i(x)/5) = M.
Proof. Let y ∈ M . The proof for non-compact case is completely analogous. By maximality of
B there exists x ∈ B such that B(x, i(x)/16) ∩ B(y, i(y)/16) 6= ∅. Hence d(x, y) < i(x)+i(y)16 . If
i(x) ≥ i(y) then d(x, y) < i(x)/8 so y ∈ B(x, i(x)/5). We shall use crucially the fact that i(x) is
a 1-Lipschitz function, this is easy to see using the definition of injectivity radius as the maximal
radius of a ball around a lift of x which maps injectively to Γ\H3. If i(x) < i(y) then
i(y)− i(x) ≤ d(x, y) < i(x) + i(y)
16
,
so i(y) < 1715 i(x). Then
d(x, y) <
i(x) + i(y)
16
<
2
15
i(x)
24 The key feature he used is that non-uniform lattices are all defined over a qudratic imaginary field. This
implies a uniform lower bound on the lengths of closed geodesics on such manifolds.
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and y ∈ B(x, i(x)/5). 
Claim 2. For every y ∈ B the number of x ∈ B such that B(x, i(x)/5) ∩B(y, i(y)/5) 6= ∅ is at
most 245.
Proof. If x ∈ B \ C and B(x, i(x)/5) ∩ B(y, i(y)/5) 6= ∅ then B(x, i(x)/5) ⊂ B(y, i(y)+2i(x)5 ). Note
that
i(x) ≤ i(y) + d(x, y) < i(y) + i(x) + i(y)
5
,
so i(x) < 32 i(y). Hence B(x, i(x)/5) ⊂ B(y, i(x)+2i(y)5 ) ⊂ B(y, 4i(y)/5). On the other hand
i(x) ≥ i(y) − d(x, y) > i(y) − i(x)+i(y)5 so i(x)5 > 2i(y)15 . By comparing the volumes of B(x, i(x)/5)
and B(y, 4i(y)/5) we get
|{x ∈ B | B(x, i(x)/5)∩B(y, i(y)/5) 6= ∅}| ≤ Vol(B(y, 4i(y)/5))
Vol(B(y, 2i(y)/15))
≤ Vol(B(y, 4/5))
Vol(B(y, 2/15))
≈ 244.52 < 245
The last inequality is a consequence of the formula for the volume of a ball in hyperbolic 3-space
Vol(B(x,R)) = pi(sinh 2R − 2R) [56, p.83 Ex 3.4.5] and an elementary calculation. In the non
compact case we may start with y ∈ C. 
Let U be the open cover M = ⋃x∈B B(x, i(x)/5), by the first claim it is indeed a cover of M .
Any nonempty intersection of sets in U is a convex set so it is contractible. It follows that the
cover U is ”good” in the terminology of [15]. By [15, Theorem 13.4] the nerve N of U is homotopy
equivalent to M . By definition the vertices in N correspond to the open sets in U and k-simplices
correspond to unordered k-tuples in U with nonempty intersection. Using the second claim we
deduce that the degree of vertices in N is bounded by 245.
It remains to bound the number of vertices in N which is equal to |B|. We will bound the size
separately for B1 := B ∩M≥1 and B2 := B ∩M<1. The union
⊔
x∈B1 B(x, 1/16) is disjoint so
|B1| ≤ Vol(M)
Vol(B(x, 1/16))
 Vol(M).
For any semisimple γ ∈ Γ the minimal displacement25 of γ is given by m(γ). In this case m(γ)
is the half of the logarithmic Mahler measure of the characteristic polynomial of γ. For a short
argument see [32, p. 39]. By Lemma 6.9 and Dobrowolski Theorem [25] we get that for γ 6= 1
m(γ) (log[k : Q])−3.
We can deduce that the injectivity radius of M is bounded below by C(log[k : Q])−3 < 1 for some
absolute positive constant C. The disjoint union
⊔
x∈B2 B(x,C log[k : Q])
−3/16) lies in M<17/16
so
|B2| ≤
Vol(M<5/4)
Vol(B(x,C log[k : Q])−3/16))
 Vol(M<5/4)(log[k : Q])9).
By Theorem 1.11 and Odlyzko’s lower bound [48] (or Minkowski’s weaker bound) we get |B2| 
Vol(M)60−0.0006[k:Q] log[k : Q])3) = o(Vol(M)). Hence |B|  Vol(M) + o(Vol(M))  Vol(M).
This proves that the number of vertices in N is at most linear in the volume of M . 
To prove Corollary 1.17 one just has to repeat the steps of the proof of [32, Theorem 11.2].
Another consequence of Theorem 1.16 (actually Corollary 1.17) is the following bound on the size
of the torsion part of H1(Γ\H3):
Corollary 12.1. Let Γ be a torsion free, arithmetic lattice in PGL(2,C). Then
log |H1(Γ\H3,Z)tors|  Vol(Γ\H3).
25Recall that the minimal displacement of g ∈ G is defined as the infimum of d(x, gx) over all x ∈ X, where X
is the symmetric space of G.
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In a forthcoming paper [5] Bader, Bergeron, Gelander and Sauer prove the analogous bound for
the torsion of homology groups of higher rank symmetric spaces. Theorem 1.16 will be used as an
ingredient in their proof.
12.2. Growth of Betti numbers.
Proof of Corollary 1.18. In this section we follow closely the exposition from [10, p.11-17]. Before
the proof of Corollary 1.18 let us set up some notations. Write G = PGL(2,K), g = Lie(G). Let
K be a maximal compact subgroup of G and let X = G/K be the associated symmetric space.
Lie algebra g can be written as g = k⊕ p where k = Lie(K) and p is the space orthogonal to k via
the Killing form 26. The restriction of the Killing form to p is a positive definite and is preserved
by the action of K so we will think of p as a unitary representation of K. Let Hk(Γ\X) denote
the space of harmonic differential k-forms on the locally symmetric space Γ\X. By Hodge theory
we know that Hk(Γ\X,C) ' Hk(Γ\X). The dimension of the space of harmonic k-forms can be
read from the decomposition of L2(Γ\G) into irreducible unitary representations. The Casimir
operator Ω ∈ g⊗ g is given by
Ω =
dim g∑
i=1
ei ⊗ e∗i ,
where (ei) is a basis of g and (e
∗
i ) is the basis of g dual to (ei) via the Killing form.
Let pi ∈ Π(G) be an irreducible unitary representation of G acting on a Hilbert space Hpi. The
number Ω(pi) is the unique real number such that for every smooth vector v ∈ Hpi we have
Ωv :=
dim g∑
i=1
DeiDe∗i v = Ω(pi)v.
The main tool to prove Corollary 1.18 is a special case of the Matsushima’s formula [11].
Theorem 12.2.
dimHk(Γ\X) =
∑
pi∈Π(G)
Ω(pi)=0
mΓ(pi) dim HomK
(∧
kp, pi
)
. (12.1)
Note that dim p = dimX so the terms in the above sum vanish for k > dimX. Irreducible
representations pi which have non-trivial contribution in the above sum for some k ∈ {1, . . . ,dimX}
are called the cohomological representations. The set of equivalence classes of cohomological
representations of G is finite [65]. Once we admit this fact, the proof of Corollary 1.18 is a
simple consequence of the Limit Multiplicity property. Indeed, let Σ = {pi1, . . . , pin} be the set of
equivalence classes of the cohomological representations of G. By Theorem 1.8 or Theorem 1.11
we have
lim
i→∞
mΓi(pil)
Vol(Γi\G) =
{
d(pil) if pil is discrete series
0 otherwise.
To shorten the formulas we shall extend the formal degree to all irreducible representations by
putting d(pi) = 0 whenever pi is not discrete series. Using Theorem 12.2 and the fact that with our
choice of measures we have Vol(Γi\X) = Vol(Γi\G) we deduce that
lim
i→∞
bk(Γi\X)
Vol(Γi\X) =
n∑
l=1
d(pil) dim HomK
(∧
kp, pil
)
.
The last expression is known to be the k−th L2-Betti number of X [49]. 
26Note that Killing form is negative definite on k so p ∩ k = 0.
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